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Abstract

Linear logic (LL) is a resource-aware, abstract logic programming language that refines both classical and intuitionistic logic.
Linear logic semantics is typically presented in one of two ways: by associating each formula with the set of all contexts that
can be used to prove it (e.g. phase semantics) or by assigning meaning directly to proofs (e.g. coherence spaces).

This work proposes a different perspective on assigning meaning to proofs by adopting a proof-theoretic perspective. More
specifically, we employ base-extension semantics (BeS) to characterise proofs through the notion of base support. Recent
developments have shown that BeS is powerful enough to capture proof-theoretic notions in structurally rich logics such as
intuitionistic linear logic. In this paper, we extend this framework to the classical case, presenting a proof-theoretic approach
to the semantics of the multiplicative-additive fragment of linear logic (MALL).

Keywords: Linear logic, Semantics, Proof Theory, Proof-theoretic Semantics, Base-extension Semantics.

1 Introduction

In model-theoretic semantics [32], when giving meaning to a sentence p, one generally assigns an inter-
pretation to determine whether it is true or false. This process may involve adding missing information
as, e.g., in Kripke systems for modal logics: Since modalities “qualify” the notion of truth, mathematical
structures support the validity of OA by checking the validity of A in such structures instead.

If a particular interpretation M results in p expressing a true statement, we say that M is a model of p,
or equivalently, that M satisfies p, which can be symbolically denoted as -5 p. However, it is important
to note that asserting “p is true in M” is simply a reformulation of the claim that p, when understood
according to M, is true. In this sense, model-theoretic truth relies on ordinary truth and can always be
restated in terms of it.
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4-2 Base-extension Semantics for MALL

Proof-theoretic semantics [54,56] (PtS), on the other hand, provides an alternative perspective for the
meaning of logical operators compared to the viewpoint offered by model-theoretic semantics. In PtS,
the concept of truth is substituted with that of proof, emphasizing the fundamental nature of proofs as
a means through which we gain demonstrative knowledge, particularly in mathematical contexts. This
makes PtS a more adequate approach for comprehending reasoning since it ensures that the meaning of
logical operators, such as connectives in logics, is defined based on their usage in inferences.

Base-extension semantics [52,55] (BeS) is a strand of PtS where proof-theoretic validity is defined
relative to a given collection of inference rules regarding basic formulas of the language. More specifically,
in BeS the characterisation of consequence is given by an inductively defined semantic judgment whose
base case is given by provability in an atomic system (or a base).

A base is a collection of rules involving only atomic formulas. The nature of such collection/formulas
change depending on the logic considered. For example, in [52], atoms are intuitionistic atomic propositions
and rules have natural deduction style, e.g.

1]
R
T p u

One could view these as rules that assign interpretations to atomic sentences, much like how models operate
in model-theoretic semantics. For example, if I, 7, p,u represent the sentences “We are in London”, “It
rains all the time”, “We must be prudent’” and “We carry an umbrella” respectively, and B is a base
containing the rules above, one can infer that “We carry an umbrella” is supported by 8, denoted by
g u. As usual in semantics, starting from validity-as-deduction in the atomic case, the interpretation
of more complex sentences is built compositionally from the meanings of its components, with logical
connectives guiding the construction.

As expected, different logics permit various approaches, each imposing its own requirements. For
instance, substructural logics — often described as non-classical systems that omit one or more structural
rules of classical logic — typically require the use of multisets rather than sets of formulas [9,23]. In contrast,
classical systems often require a more refined definition of bases [35,51].

In this paper, we explore how BeS applies to both substructural and classical settings. In the following,
we outline the main challenges in developing proof-theoretic semantics for classical linear logic.

The question of falsity. In model-theoretic semantics, falsity (L) is often defined as “never valid”. For
example, in Kripke semantics, this is expressed as

¥apm L

This, however, raises the philosophical question of what constitutes the syntactic counterpart to semantic
refutability [28]. Dummet avoids this problem by treating falsity as the conjunction of all basic sen-
tences [17], which is stated in [52] as

g L iff g p for all p atomic.

Alternatively, in [42] the semantic of the logical constant L was not defined, but instead L was allowed
to be manipulated by the atomic rules of the base — hence being considered as a “fixed atomic formula”.
In this work, we adopt the same approach, which not only circumvents the aforementioned discussion but
also enables an elegant presentation of BeS for the classical substructural case, as discussed next.

Dealing with classical notions of validity. The proof-theoretic essence of BeS, where validity is built on
the concept of proofs, presents a challenge: How can classical systems be described within this framework?
This question is particularly relevant in the context of natural deduction systems, where inference rules
inherently exhibit a constructive nature. In fact, the most common approaches to handling classical proofs
often lead to non-harmonic systems [47|, whereas harmonic conservative extensions of intuitionistic natural
deduction systems tend to simulate the multiple-conclusion behavior of classical sequent systems [22,44,50].

In [51], Sandqvist proposed an inferential semantic justification for first-order classical logic, thus
avoiding reliance on a notion of bivalent truth. However, as pointed out in [45] and further discussed
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in [35], Sandqvist’s system lacks robustness in its choice of primitive connectives. Moreover, the proposed
solution remains somewhat unsatisfactory from an inferentialist perspective, as it heavily depends on the
duality of connectives to describe the entire logical system. In [42], we tackle this problem with a different
approach: Classical proofs are defined by taking into account an idea advanced by David Hilbert to justify
non-constructive proof methods, where the concept of consistency is conceptually prior to that of truth,
and in order to prove the truth of a proposition in a given context it suffices to prove its consistency
[16,29,30].

In this paper, we make a great use of allowing L in a base, and show an interesting connection between
the semantic characterisation of proofs and model-theoretic truth conditions: just like classical models
can sometimes be obtained by restricting intuitionistic models, classical proof conditions can be obtained
through a very small, uniform restriction on intuitionistic proof conditions. We show that the restriction
works even in cases as complex as that of linear logic.

Tackling substructurality. While classical logic emphasizes truth and intuitionistic logic emphasizes
proofs, linear logic [24] (LL) introduces a focus on resources, where “¢ implies y” is interpreted as “consume
¢ to produce y”. This has a substructural nature, since formulas (i.e. resources) cannot be freely copied or
erased anymore. LL can be also seen as an abstract logic programming language [7], since it is sound and
non-deterministic complete with respect to the logical interpretation of programs and has a proof-search
strategy attached to it [6,39].

Linear logic semantics is typically presented in two ways [14]: by associating each formula with the set
of all contexts that can be used to prove it (e.g. phase semantics [20,24]) or by assigning meaning directly
to proofs (e.g. coherence spaces [24] and relational semantics [12,19]) 4.

Here, we adopt a different perspective on assigning meaning to proofs [8,11,15,49,57], by developing
a BeS for the multiplicative-additive fragment of (classical) linear logic (MALL). The central idea is to
apply a uniform restriction on the intuitionistic proof conditions: rather than requiring the derivation of
an arbitrary atomic proposition p, we now consistently demand the construction of a proof of L, treated
as a fixed atom.

For example, in [23], the BeS semantic clause for the multiplicative conjunction ® is stated as:

(®) Ik;’“ ¢ @y iff, for all C 2 B, p atomic and Aay, if ¢, ¥ lké’“ p then IFE,A“A’“ p;
Applying the restriction, it will have the following form (highlighting the use of L in red):

(®) Ik;’“ ¢ @y iff, for all C 2 B and Aay, if ¢,y |ké‘“ 1 then IFE,A"AA‘ 1;
The restriction is as simple as it is illuminating, clarifying the semantic import of atomic quantification as

well as its relation to structural operations.

In the following sections, we explore these notions in depth and establish that a natural deduction
system for MALL is sound and complete with respect to our proposed semantics, providing the first BeS
for classical substructural systems.

2 Multiplicative Additive Linear Logic

Classical linear logic [24] (LL) is a resource-sensitive logic, meaning that formulas are consumed when used
in proofs unless explicitly marked with the exponentials ! and 7. Formulas marked with these exponentials
behave classically, i.e., they can be contracted (duplicated) and weakened (erased) during proofs.

The propositional connectives of LL include the additive conjunction & and disjunction &, as well as
their multiplicative counterparts, tensor ® and par %, along with their respective units. While the linear
implication —o can be expressed in the classical setting using % and negation, we make it explicit here due

4 Other possible approaches are, e.g., Kripke-style semantics [5,31], categorical models [1,18] and game seman-
tics [2,3].
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to the inferentialist perspective adopted in this work.

oy =p | ooy | g0y | 1 | ¢ay | 0| ¢
| ¢By | L | o&y | T | 7

ATOMS  IMPLICATION MULTIPLICATIVES ADDITIVES EXP.

We will concentrate on the multiplicative-additive fragment of LL, called MALL, and adopt the following
notation: we fix a countably infinite set of propositional atoms and call it At; lowercase Latin letters (p, q)
denote atoms; capital Greek letters with the subscript ‘At’ (Iat, Aat) denote finite multisets of atoms;
lowercase Greek letters (¢,¢) denote formulas; capital Greek letters without the subscript ‘At’ (I, A)
denote multisets of formulas; commas between multisets denote multiset union; and —¢ is to be read as
¢ — L for any formula ¢.

A sequent is a pair I' + ¢ in which I' is a multiset of formulas and ¢ is a formula in MALL. The natural
deduction inference rules of MALL in the sequent style presentation are depicted below.
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Given a proof system P, a P-derivation is a finite rooted tree with nodes labeled by sequents, axioms at
the top nodes, and where each node is connected with the (immediate) successor nodes (if any) according
to the inference rules above. A sequent I' + ¢ is derivable in P, notation I' +o ¢, if and only if there is a
derivation of I' + ¢ in P.

Example 2.1 For any MALL-formula ¢, ==¢ FpmaLL ¢. Consider, e.g., the derivation

—|—|¢|——|¢—OJ_AX —|¢|——|¢ AXE
- 7 1 aa
5+ 9

Moreover, any derivation of this sequent has at least one instance of the rule Raa. In particular, =—¢ r ¢
is not provable in intuitionistic MALL [24].
The following substitution rule is admissible in MALL [36,40,43]:

ko Ay
AR Y

This rule represents the traditional natural deduction operation of composition.

Subs

3 Base-extension Semantics

BeS is founded on an inductively defined judgment called support, which mirrors the syntactic structure
of formulas. The inductive definition begins with a base case: the support of atomic propositions is
determined by derivability in a given base — a specified collection of inference rules that govern atomic
propositions. Sandqvist [52] introduced a sound and complete formulation of BeS for Intuitionistic Propo-
sitional Logic (IPL).

In this work, we adopt Sandqvist’s [52] terminology, adapting it to the linear logic setting as presented
in [9,23]. Additionally, we refine the framework to represent atomic rules in a tree-based, sequent-style
format, aligning it more closely with standard proof-theoretic presentations.
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3.1 Atomic Derivability

The BeS begins by defining derivability in a base. We use, as does Sandqvist, systems containing rules
over basic sentences for the semantical analysis. Unlike Sandqvist, we use rules that are more in line with
sequent calculus definitions, and also allow the logical constant L to be manipulated by rules — we will
abuse the notation and write At for the set of atomic formulas together with L.

Definition 3.1 [Base] An atomic system (a.k.a. a base) B is a set of atomic rules of the form
l"’i‘tl—p1 La Fp"
Aac kg
which is closed under rules of the following shape for all p, r, T'ay and Tlag:

[ac b p Mae, p+r
—— A
prp ™ Lae, A b 7 Subs

Definition 3.2 [Extensions] An atomic system C is an extension of an atomic system B (written C 2 8),
if C results from adding a (possibly empty) set of atomic rules to B.

Definition 3.3 [Deducibility] For every base B, the relation +g is defined as follows:
(i) If Tat F p is the conclusion of an axiomatic rule in B, then Ia Fg p holds;
(ii) Assume B contains a non-axiomatic rule with the following shape:
F/itkpl Lh Fp"
Apc kg
Then, if th tg p' holds for all 1 <i < n, Aa kg ¢ also holds.

The deducibility relation +g coincides with the usual notion in the system of natural deduction con-
sisting of just the rules in B, that is, p',..., p" rg q iff there exists a deduction with the rules of 8 whose
conclusion is {p',...,p"} F q.

Example 3.4 Let [ = We are in London, r = It rains all the time, p = We must be prudent, u = We carry
an umbrella and B is a base containing the following rules

lrr rep Fu

together with all instances of Ax and Subs. Then the following is a deduction showing rg u:

lvbr rep

lvp
Fu

Subs

Note that in our atomic rules, both the multiset I'a; and the atom p in a sequent I'a; + p are fixed.
This means that, given a derivation concluding Aa; + p, we cannot apply a rule whose premise is I'az + p
unless I'ay = Aat. This stands in contrast to the approach in [9], where the contexts in atomic rules are
left unconstrained. By fixing the context, we obtain a clean, tree-style representation that aligns naturally
with the structure of multiplicative and additive rules, as illustrated below:

Fackp Apc kg Fackp | N
FAt’AAt Fr FAt Fr

The price to pay is twofold: (i) Since the multisets appearing in the conclusion are not necessarily related to
the multisets appearing on premises, contexts can no longer be taken to simply fulfill the role of tracking
dependencies of a derivation, making our rules closer to pure sequent calculus than to (sequent-style)
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natural deduction; (ii) explicit inclusion of the structural rules Ax and Subs becomes necessary for bases
to behave properly.
These are easy trades, since (i) tackles the criticism that BeS is too “natural deduction driven” [15],
while (ii) only makes explicit what the App rule in [9,23,52] hides on the treatment of arbitrary contexts.
We also use a special notation for the structural base:

Definition 3.5 [Structural base] The structural base S is the base that only contains instances of axiom
and substitution, i.e. the smallest of all bases.

Clearly, we have 8 2 S for all bases B, a property that is useful for many definitions.

3.2 Semantics

We will now define the support relation, which is reducible to derivability in 8 and its extensions, hence
obtaining a semantics defined exclusively in terms of proofs and proof conditions.

Cat
q

4 is defined as follows, where all multisets

Definition 3.6 [Support] The support relation, denoted as I
of formulas are assumed to be finite:

(At) n—l;g’“ p iff, for all C 2 B and A, if p, Aat F¢ L then Tat, At e L, for p € At;
(®) Ikg“ ¢ @y iff, for all C 2 B and Apy, if ¢, ¥ |ké‘“ 1 then IFE,A"AA‘ 1
(=) Kt ¢ —o y iff, for all C 2 B and Ay, Ope, if K™ ¢ and ¥ g™ L then ke 0% 1
(1) n—l;g’“ 1 iff, for all C 2 B and Ay, if ||—éAt L then ||—E,‘“’AAt 1
(B) 1 ¢ By iff, for all C 2 B and Aag, Opr, if ¢ F L and ¥ ko™ L then e 0% 1
(&) n—l;;’“ o &y iff u—;’“ ¢ and n—g’“ W
(@) k" ¢ @y iff, for all C 2 B and Ang, if ¢ FZ* L and ¢ ™ L then kM4 1
(T) k" T for all B and Tag;

(0) n—;’“ 0 iff n—g“’AA‘ 1 for all Aag;

. i ) 1 n
(Inf) T ||—,®BAt ¢ iff, for all C 2 B and all A}, if I" = {y!,...,¢"} and Il—ﬁ,At Y' for 1 <i < n, then Il—éAt """ AT .

Definition 3.7 [Validity] An inference from I' to ¢ is valid, written as I' - ¢, if I' 5, ¢ for all B.

9

We read I’ Il-?gAt ¢ as “the base 8 supports an inference from I' to ¢ relative to the multiset Aa:” and

we write I' kg ¢ to denote I’ II-% ¢ for any B,T, ¢.
We would like to place special emphasis on the clause (At). In [23], it is formulated as follows:
(At”) n—;’“ p if Tat k3 p;
That is atomic support is reduced to atomic derivability. Together with the restriction that L is excluded
from the bases’ rules in [23], this induces an intuitionistic flavour in the definition of support for atomic
propositions.

This raises the question: How can we capture the classical notion of an atomic clause within a sub-
structural framework? Our method proceeds in two steps. First, we apply the “elimination approach” to
rules, interpreting the clause (At’) as stating that anything derivable from p must also be derivable from
whatever supports p:

(At”) Cat

kg p iff for all C 2 B, g atomic and Apy, if Aat, p Fc g, then Aa, Dax Fe g;



Barroso-Nascimento, Piotrovskaya, Pimentel 4-7

The second step, which will be used in all the clauses, is to substitute the atomic occurrences in
Sandqvist’s clauses by L, obtaining (At).

The first step is completely unproblematic since clauses (At’) and (At”) are equivalent as shown next.
The second step, in turn, captures the the new perspective to BeS to classical systems.

Proposition 3.8 I'a; +g p iff for all C 2 B, g atomic and Aat, if Aat, p Fe q, then Aag, Tax Fe q.

Proof. Assume I'a; +g p. Further assume for an arbitrary C 2 B, g and Aa¢, that Aag, p Fc ¢. Since
deductions are preserved under base extensions, we have I' k¢ p; an application of Subs yields [at, Aat Fe g-
For the converse, assume that, for all C 2 8B, ¢ atomic and Apg, if Aat, p Fe ¢, then Aa, Tac e g. Take
C = B, Aat = @ and notice that Ax yields p +g p, so by our assumption we conclude Tat Fg p. O

The next result stresses the fact that support does not directly correspond to derivability.
Lemma 3.9 IfTa g p then n—;’“ p. The converse is false in general.

Proof. Assume I'p; Fg p. Further assume, for an arbitrary C 2 8 and arbitrary Aat, that p, Aas Feo L.
Since deductions are preserved under base extensions, we also have that I'ax F¢ p. By composing the
two deductions, we obtain [at, Aar F¢ L. Since C 2 B such that p,Aa; F¢ L for arbitrary Aay, and
Tae, Aac Fe L, by (At), Hg* p.

On the other hand, let I'ay = @ and B be the base containing only rules with the following shape for
every atomic multiset Oas:

@At,p F L
®At L

The atom p appears only on the right-hand side of instances of Ax and Subs in 8, so any deduction
concluding + p would necessarily end with an application of one of these rules. However, both require a
premise whose consequent is p. Since the appropriate instance of Ax has p + p as its conclusion, it cannot
serve as the final rule in such a deduction. We therefore conclude that no deduction with conclusion + p
exists in 8, and thus ¥g p.

Now assume, for arbitrary C 2 B and arbitrary Aat, that p, Aas F¢ L. An application of the rule with
Oat = Aat yields Aax Fe L. Since C 2 B such that p,Aar Fe L for arbitrary Aat, and Aat ¢ L, by (At),
g p. Hence g p, even though kg p. |

Interestingly enough, the result holds in the following special case:

Lemma 3.10 Ik;’“ L if and only if Tat Fg L.

Proof. (=): Assume IFIZ;A‘ 1. Notice that L +g L; since L is an atom, by (At) we conclude [at g L.
(&): Immediate by Lemma 3.9 with p = L. o

The following standard result states that the support relation is monotone w.r.t. bases.

Lemma 3.11 (Monotonicity) IfI' IF%A‘ ¢ and C 2 B, then I Iké“ @.
Proof. Assume T ||—%,At ¢. Let T' = {Y1,...,¢¥,} and let C be arbitrary. By (Inf), one can assume, for an
. . . i c) . . Ok, O A
arbitrary O 2 C and arbitrary multisets @, , that I ; for all ¢; € ' (1 <i < n), obtain I ¢ )
and, hence, conclude I" Il—éAt ¢ by the same definition. It thus remains to prove the case for when I' = @,
i.e. that ||—,ABAt ¢ implies ||—éAt ¢. This is done by induction. Note that in the case of (&), we require an
induction hypothesis stating that
IF%’“ x implies |ké‘“ X
holds true for any proper subformula y of ¢. It is easy to see that such claim is reasonable given the

behaviour of (&), namely, splitting a formula into its subformulae, combined with the treatment of other
connectives below.
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¢ = p: Assume |F%At p and let C 2 B be arbitrary. Further assume that, for an arbitrary O 2 C and
%‘“ p and p,Eac Fp L by (At), Aat, Zat Fp L. Since D 2 C
such that p,Za: Fp L for arbitrary Za:, we obtain Iké“ p by (At).

arbitrary Xat, p, 2at Fo L. Then since

¢ =a®pB: Assume |F%A‘ a ® B and let C 2 B be arbitrary. Further assume that, for an arbitrary D 2 C
and arbitrary Xat, @, 8 n—%“ L. Then, by (®), we obtain II—%’“’ZAt 1. Since D 2 C such that «, 8 II—E)At L
for arbitrary Za:, we obtain Iké’“ a® B by (®).

¢ =a — B: Assume lk%’“ a — B and let C 2 B be arbitrary. Further assume that, for an arbitrary 9 2 C

and arbitrary Za, [ag, II—%‘t a and 8 Il—lg)At L. Then, by (—), we obtain II—%‘“’E’“’FIAt 1. Since D 2 C
such that Ik%“ a and B Ikg[)‘“ 1 for arbitrary XZa¢, ITar, we obtain Iké’“ a —o 3 by (—o).

¢ =1: Assume IF%A‘ 1 and let C 2 B be arbitrary. Further assume that, for an arbitrary D 2 C and
arbitrary Zat, II—%*t 1. Then, by (1), we obtain %A ) Since D D C such that Il—i)At 1 for arbitrary

D
at, we obtain KA 1 by (1).

¢p=a®pB: Assume IF%’“ a® B and let C 2 B be arbitrary. Further assume that, for an arbitrary D 2 C
and arbitrary Zag, at, @ ||—§§t 1 and 8 n—lg)’“ L. Then, by (%), we obtain n—%“’z’“’n’“ L. Since D 2C
such that a Ik%“ 1L and B Ikrz[)“ 1 for arbitrary Xat, I1ar, we obtain lkéAt a?® B by (%).

¢ =a& B: Assume ll—%At a & B and let C 2 B be arbitrary. Then, by (&), II—%At a and |F%At B. By induction
hypothesis then, Il—éAt a and Il-éAt B, hence, by (&) again, Il—éAt a & B.

¢ =a®dpB: Assume II-%At a ® B and let C 2 B be arbitrary. Further assume that, for an arbitrary D 2 C
and arbitrary Za:, « Il—i)At 1 and B H—%t L. Then, by (&), we obtain ll—%“’ZAt 1. Since D 2 C such that
a n—%“ L and B n—%“ L for arbitrary Xa:, we obtain Il—é’*t a® B by (@).

A . A
¢ =T : Assume kg T and let C 2 B be arbitrary. By (T), k™ T.

¢ =0: Assume IF%A‘ 0 and let C 2 B be arbitrary. Then, by (0), we obtain |F%A"2At 1 for arbitrary Za;.

By Lemma 3.10 then, Aat, Zac Fg L. Since deductions are preserved under base extensions, also
Aat, Zat Fe L, so, by Lemma 3.10 again, Il-é‘“’ZAt 1, hence Il—éAt 0 by (0).

O

We can now reformulate the notion of valid inference using Definition 3.5.
Lemma 3.12 (Validity) T ¢ if and only if T kg ¢.

Proof. (=): Since I' I ¢ holds for all bases by Definition 3.7, it in particular holds for S, i.e. I" kg ¢.
(&): Assume I' s ¢ and consider any base 8 2 S. By Lemma 3.11, I" kg ¢. Since B is arbitrary, I'  ¢.0

Given an atomic multiset T'at, saying that it supports a formula (possibly with non-empty context Aat)
should be equivalent to saying that the formula is supported when the same multiset appears as part of
the context. In other words, the multiset can be lifted into the context and vice versa. We formalise next
this idea, beginning with the case of L and then extending it to an arbitrary formula ¢ (Lemma 3.14). In
the latter case, we omit Aat, as the simplified formulation suffices for the proofs that follow.

A ; o Tag,A
Lemma 3.13 [at Fg" L if and only if 4074 L.

Proof. (=): Assume [t M—%A‘ L. Let Tac = {p',...,p"}. We know that p rg p holds for arbitrary p, as

well as Ikg’} p by Lemma, 3.9. Then, Vp' € T'a, it is the case that |k§3pi} p'. Thus, by (Inf), from Ta; IF%’“ 1

{p'} Ape,p’,....p" : Aat.Tat
3 1, e "_‘B 1.

and I p', Vp' € T'ar, we obtain g ,
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(&): Assume |k;At’AAt L. Let Tac = {p', ..., p"*}. Further assume that, for an arbitrary C 2 8 and arbitrary

@
multisets ©F Vp € Da, F ™ p'. By Lemma 3.10, T'a, Aa; g L and, by monotonicity, FAt, Apt F¢ L. Then,

At’
(CIR
by (At), from K, O pt and Tag, Aae Fe L we obtain T'ag \ {p* } AAt,G)l Fc L. Repeat for ||— A2 SIS pt

.....

.01 .
to obtain Aag, ©} , ), Fc L. Hence, by Lemma 3.10, II— At A 1, and since we had chosen arbitrary

AL
C 2 B such that Vp' € T, Il-(zf“ p' for arbitrary multisets © 0, by (Inf), pl...p" II—%At 1, i.e Iat II—%At 1.0
Lemma 3.14 T'a; kg ¢ if and only if |FFAt

Proof. (=): Assume I'a; +g ¢. We know that p +g p holds for arbitrary p, as well as ||—{p ) p by

Lemma 3.9. Then, Vp; € T'ay (1 <i < n), it is the case that II—{Bp‘ pi. Thus, by (Inf), from Tat kg ¢ and
Ikg"’} pi, Ypi € Tar, we obtain Il—g """ Prog e IFF’“ o.

Cat

(&): Assume I 4* ¢. Further assume that, for an arbitrary C 2 8, Vp; € I'ar (1 <i < n) and arbitrary

multisets Aj\t - CAt pi- What follows is the proof by induction. Note that in the case of (&), we require an
induction hypothesis stating that

Ik;At Y implies ['at kg ¥
holds true for any proper subformula ¢ of ¢, as in the proof of Lemma 3.11.

¢ = p : we have assumed II— t p. Further assume that for an arbitrary 9D 2 C and arbitrary Oag, p, Oat Fo
L. From these, by (At), we obtain I'at, Oat Fo L, and hence T'at IFD’“ L by Lemmas 3.10,3.13. Since

i

A . Oar, AL .. A7 .
Vpi € Tar, F ™ pi and Ta n—%“ 1, we obtain I A"""%A | by (Inf). By Lemma 3.10, we obtain

D
A, AR .
Oat, A At, ..., AR Fp L, which together with p,®at Fp L gives us k7 p by (At). Thus, since
Al seees .
(e A p and C 2 8 such that I/ g pi for arbitrary multisets Al s We obtain Tag kg p by (Inf).

¢ =a® B : we have assumed IFIE;At a @ B. Further assume that for an arbitrary 9 2 C and arbitrary Oag,

a, B n—%‘t L. Then, by (®), from M—FAt a®p and a, ,8 ||—®At 1 we obtain ||—1;§"®A‘ L, hence, by Lemma 3.13,
Opt-Appse AR

Cat IF%“ L. Since I'at IFGAt L and Vp; € Ta, I+ C “ pi (thus also I} A pi), we obtain I,

@)At At ----- AR

by (Inf). Now, since «, 8 IFGAt L for an arbitrary O 2 C and I, At 1 for arbitrary multisets

.....

Ai
At’®At’ we obtain II—CAt A @ ® B by (®). Hence, since Vp; € T'ar, k" p; for an arbitrary C 2 8,
we obtain ['at Fg @ ® B by (Inf).

Cat

¢ =a — B: we have assumed 2 @ — . Further assume that for an arbitrary O 2 C and arbitrary

p) r e b .
Oat, ZAt, FD’“ a and B IFD’“ L. Then, by (-o), from kg* a@ — B, k% a and g S L we obtain

. Al
Il—l;;“’@‘“’z‘“ L, hence, by Lemma 3.13, ['ay II—%“’ZAt 1. Since I'ay II—%“’ZAt L and Vp; € Tar, + . p; (thus
. OaZanAL,. AR . .
also I+ o pi), we obtain I DAt AvTaceBac | by (Inf). Now, since ll—%At a and 8 Il—%t 1 for an arbitrary
Ont-ZatAp, .- AR . . ; . AL LAY
D 2 C and I, At ZAE At 1 for arbitrary multisets A} , O, Zat, We obtain |FCAt A q — B by (—o).

Al . .
Hence, since Vp; € [at, ™ p; for an arbitrary C 2 8, we obtain I'a; kg @ — 8 by (Inf).

¢ =1: we have assumed IFFAt 1. Further assume that for an arbitrary 9 2 C and arbitrary Oat, IF%*t 1.

Then, by (1), from M—FAt 1 and Il—%“ 1 we obtain Il—g“’(aAt 1, hence, by Lemma 3.13, T'a¢ II—%At 1. Since
Ak ,..., AR
| W IFGAt L and Vp; € Tag, C t p; (thus also lk A pi), we obtain I, OnApgo--- A 1 by (Inf). Now,

At>Dpcseens AR

e .
since Il-(")At L for an arbitrary © 2 C and I, A1 for arbitrary multisets Al , ©®a¢, we obtain

At’
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Al,..., . Al . .
FSTTA 1 by (1), Hence, since Vp; € Tat, " p; for an arbitrary C 2 8, we obtain Iar kg 1

¢ =a?® B: we have assumed ll—lz;At a % B. Further assume that for an arbitrary 9 2 C and arbitrary Oag,

Sat, @ II—GAt 1 and B II—ZAt L. Then, by (%), from M—FAt a® B and «a n—%“ 1 and B II—%t 1 we obtain

Cat,Oat, Oat, Oat,

Al
ZA‘ L, hence, by Lemma 3.13, Ta I+ Zac | Since Ta (2% Ia ) and Vp; € Tat, II—CAt pi (thus

) Ao Ay .
DAt aebae oA | by (Inf). Now, since a M—%A‘ 1 and 8 Il—i)At 1 for an arbitrary

Ont-ZatAg, - AR Al AT

At | for arbitrary multisets AAt, Oat. ZAt, We obtain H—CAt A a? B by (%).

Hence, since Vp; € Tat, IFC At p; for an arbitrary C 2 B, we obtain I'at kg @ % 8 by (Inf).

II—

also I ) B pl) we obtain I

Z)DCandll—

¢ =a & B: we have assumed IFFA‘ a & B. By (&), IFFA‘ a and IFF‘“ B. By induction hypothesm then,

.....

..... AR Al
I'at kg @ and T'at kg B. Since Vp; € Tag, - c" Pi, we obtain I Bpere B a and (e A B, respectively,

C
by (Inf). Then, by (&) again, ||—éf“ """ A a & B. Hence, since Vp; € Tag, ||—C p; for an arbitrary C 2 8B,
we obtain I'a; kg a & B by (Inf).

¢ =a®p: we have assumed Iz T o @ B. Further assume that for an arbitrary D 2 C and arbitrary

Oar, @ Ik O ) and B IFGA‘ J_ Then, by (&), from IFFAt a®pB and «a IFDA‘ 1 and B Ik%*t 1 we obtain

Cat,
D

(S g pl) we obtain I

Al.
LA Oac 1, hence, by Lemma 3.13, T'a; 9% 1. Since Far K% 1 and Vpi € Dat, F ™ pi (thus also

D D
Lo AL

Oat,A . .
DAt AT ) by (Inf). Now, since a Il—%At 1 and B Il—%At 1 for an arbitrary D 2 C

.....

A " .
and II— A 1 for arbitrary multisets Al , ®a¢, we obtain I M ae B by (@) Hence, since

A’
Al . .
Vpi € Tat, F 1 p; for an arbitrary C 2 8, we obtain I'at kg a & B by (Inf).

.....

AL n . AL .
¢ = T : we have assumed n—lz;‘“ T. By (T), ¥ 77 " T. Hence, since Vp; € Ty, k" p; for an arbitrary

C 2 8, we obtain I'a¢ g T by (Inf).
¢ = 0 : we have assumed II—FAt 0. Then, by (0), we obtaln II—;At At 1 for arbitrary Oat, hence, by Lemma 3.13,

----- Al .
Cat II—G’At L. Since [at kg Oac | and Vp; € Ta, n—C pi, we obtain ll—CAt Ao 1 by (Inf). Now, since

. Al
Op; is arbitrary, we conclude II-CA“ "A 0 by (0). Hence, since Vp; € Tar, " p; for an arbitrary
C 2 8B, we obtain I'a¢ kg 0 by (Inf).
O

So far, we have used (Inf) only to derive expressions with an empty left-hand side — that is, effectively
replacing the entire multiset supporting a formula with atomic multisets in the superscript of the support
relation. We now show that this process can be applied partially or sequentially, yielding expressions where
some formula remains on the left-hand side.

Lemma 3.15 IfT, ¢ IFAAt :,b and, for T = {a',...,a"} and an arbitrary C 2 B, Vo' € T' (1 <i < n) and

) . i Apt, @3 ,...,0%
arbitrary multisets (9}“, Feo O a', then ¢ I, CUACT A

Ant

Proof. Assume I',¢ " ¢ and, for I = {a',...,a"} and an arbitrary C 2 8, Va! € I" (1 <i < n) and

. . ol
arbitrary multisets @j“, ko A !, Further assume that, for an arbitrary O 2 C and arbitrary Zat, ||—ZAt @.

)
At .....

By monotonicity, also I DAt a' for all ®’ and o' € T'. Then, by (Inf), . Finally, since D 2 C
such that II—%t ¢ for arbitrary Xa:, we obtam 1) o C OO Y by (Inf). O

Another natural property to expect of the support relation is that a formula ¢ supports a formula ¥
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if and only if the inference from ¢ to ¢ is itself supported. We demonstrate this in the case where ¢ = L,
as this result is required for a key step in the soundness proof, and we include a remark addressing the
remaining cases.

Lemma 3.16 ¢ lk;’“ L if and only if 'FIZ;At —¢.

Proof. (&): Assume IFIZ;At -, i.e. IFIZ;’“ ¢ — L. Further assume that, for an arbitrary C 2 8 and arbitrary

Oat, | I—®At ¢. We know that L ¢ L, hence, by Lemma 3.10, II—{J'} L, hence, by Lemma 3.14, L ¢ L. Now,

by (—o) from I g Tac ¢ — L, k. One ¢ and L ¢ L we obtain II—EAt ‘O | - Since C 2 B such that ko One ¢ for

arbitrary @a, by (Inf), ¢ Il—li;,At 1.

=): Assume ¢ +/* L. Further assume that, for an arbitrary C 2 8 and arbitrary Oat, Za¢, an
A 2 L. Furth that, f bitrary C 2 8 and arbitrary Oae, Tag, Fot ¢ and

1 IFZAt 1. By (Inf), from ¢ IFFA‘ 1 and IFGAt ¢ we obtain IFI(;A"@‘“ 1. Now, by (Inf) again, from L I%At L and

n—g‘“ on 1 we obtain n—l(;‘“ Ot 1. Now, by (—o), since "_@At ¢ and L 2 at | and "_I"At OnA | for arbitrary

Remark 3.17 It is indeed the case that ¢ II—;At ¥ if and only if II—;At ¢ — . We only briefly touch on
it here as this is not a key result. Nonetheless, to see this, choose an arbitrary C 2 8B such that I}—éAt 1)
and ||-®At 1 for arbitrary Aat, ®at. Then, by (Inf), Il—r‘“’AAt ¥, and by (Inf) again, II—E,‘“’AA"QAt L, hence

FAt ¢ —o ¥ by (—o). The other direction is a special case of the upcoming lemma (Lemma 3.19): let C 2 8
such that II—AAt ¢, set ¥ = ¢ and Ap: = @; hence we obtain M—EA‘ Aac ¥ and, by (Inf), ¢ "_FAt .

Since we want the support relation to mirror the behaviour of MALL, it is natural to expect that the
left-to-right implications in clauses (®),(—),(1),(®), and(0) from Definition 3.6 should hold for any formula
¥ —not just for L — as these implications resemble the elimination rules for the corresponding connectives.
We conclude this section by formalising this observation through a sequence of lemmas, which will also be
used in the soundness proof in Section 4.

Lemma 3.18 If IF;’“ oYy and ¢, ¢ IFAAt x then lkrAt’AAt X-

Proof. We shall prove the statement inductively. Note that in the case of (&), we require an induction

hypothesis stating that

Lat Cat» AAt

if Fg*¢®y and ¢,y Fy At £ then kg

holds true for any proper subformula 7 of y, as in the proof of Lemma 3.11.

X = p: Assume II—FAt ¢ ® ¢y and ¢,y II—AAt p for arbitrary Aa.. Now assume that, for an arbitrary C 2 8

and arbitrary Oat, p,Oat Fc L. Further assume that, for an arbitrary D 2 C and arbitrary Zag, [lat,

ZA‘ ¢ and I Ma: . By monotonicity, ¢,y Il—g*t p, hence with II—%t ¢ and Il—l;)At ¥, by (Inf), we obtain

IFAAt Zaes Tl p. From IFAA‘ Zacs It p and p,BOa; F¢ L (thus also p,®a; Fp L), by (At), we obtain
Ant, Zae, Hat, Oar Fo L. Hence, ||—§)“"ZA"H’“’®At L by Lemma 3.10. Since Il—%’“’z’“’n’“’e)At Land D 2C
such that II—EAt ¢ and II—HAt Y for arbitrary Xa¢, at, by (Inf), ¢,y ||-AAt O ) Since II—IZ;At ¢ ® ¥ and
N ||-AAt ®At 1, by (®), we obtain ||-l;At AacOnr L, hence I'at, Aat, Oat Fe L by Lemma 3.10. Since C 2 8B

FAt Ant

such that P, Oat ke L for arbitrary @at, and [ag, Aat, Oat Fe L, by (At), p.

X =a®p: Assume g ¢ @y and ¢, ¢ Iy
C 2 B and arbltrary Oat, @, B II—G)At L. Further assume that, for an arbitrary 9 2 C and arbitrary
Zat, Hag, | I—ZAt ¢ and II—HAt Y. By monotonicity, ¢,y II—AAt a ® B, hence with Il—i)At ¢ and Il—IZI)At ¥, by (Inf),
AAt Zacllae o @ B. From IFAA‘ Zaelle o @ B and a, B |F2At 1 (thus also a, 8 |F%At 1), by (®), we
obtain n—%“ ZAt Mac-®ac | - Since n—%‘“ ZAt Ma®a ) and O 2 C such that Il-%*t ¢ and Il—rz[)At Y for arbitrary

Cat Apt

a ® B for arbitrary Aa;. Now assume that, for an arbitrary

we obtain g
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at, Hat, by (Inf), ¢,y Iké’“’@“ 1. Since IF;A‘ Ry and ¢, Y Iké’*"@‘“ 1, by (®), we obtain |FE,A“AA"®‘“ L.
Since C 2 8 such that a, B IFGAt 1 for arbitrary ®a¢, and IFEA“A‘“’@’“ L1, by (®), Ik;At’AAt a®p.

x =a —o B: Assume I At¢®w and ¢, :,bIFAA‘

C 2 B and arbitrary @at, Qat, n—(g‘“ a and B ||—SC2At 1. Further assume that, for an arbitrary D 2 C
and arbitrary Zag, [lat, II—%t ¢ and Il—IZI)At Y. By monotonicity, ¢,y II—AAt a —o f3, hence with II—%t ¢ and
HAt W, by (Inf) we obtain II—%“’ZA“HAt a —o . From II—%“’ZA"HAt a —o B, Il-gAt a and B Il-gcz,At 1 (thus also
Il—®“t a and S I Qac 1), by (), we obtain Il—ﬁ)‘“’z‘“’H’“’e’“’QAt L. Since Il—%“’Z‘“’H’“’@‘“’QAt Land D 2C

D
Zac ¢ and IFHAt Y for arbitrary Zat, [at, by (Inf), ¢,y IkéAt’G)A"QAt L. Since IF;’“ ¢ ®y and

a —o B for arbitrary Aa. Now assume that, for an arbitrary

such that ]
O, Iké’“ One. QAt L1, by (®), we obtain IFEA“AA"@A“QA‘ 1. Since C 2 B such that Ik(gAt a and B8 Ikg’“ 1 for
arbitrary ®at, Qat, and II-I(HI,A"AA"@’“’QAt 1, by (—0), ||-1;3At’AAt a —o f.

Tae ¢ @y and ¢, ¢ IFAAt 1 for arbitrary Aa;. Now assume that, for an arbitrary C 2 8

and arbltrary Oat, "‘2
IFZAt ¢ and |FHAt Y. By monotonicity, ¢,y IF%“ 1, hence with |k§_§t ¢ and |F£,I)At ¥, by (Inf), we obtain
Il—é)“t 2acllac ) - prom II—%‘“’ZA"FIAt 1 and II—(gAt L (thus also II—%At 1), by (1), we obtain M—Aé“’ZAt’HAt’@‘“ 1.
Since Il—%“’z‘“’nm’g‘“ 1L and D 2 C such that II—%t ¢ and II—IZI)At Y for arbitrary Zat, [ag, by (Inf),
&, II—AAt Oa | Since II—IZ;M ¢ ®y and ¢,y Il—é’“’@“ 1, by (®), we obtain wEAt’AAt’@At 1. SinceC 2 8

such that M—CZ.’“ 1 for arbitrary ®a¢, and M—I;.A"AA“@“ 1, by (1), M—IZ;A"AAt 1.

x =1: Assume Iy
A 1. Further assume that, for an arbitrary 9 2 C and arbitrary Zag, [at,

x =a?® B: Assume IFIZ;A‘ ¢ @y and ¢, II—%At a B B for arbitrary Aa;. Now assume that, for an arbitrary
C 2 B and arbitrary Oay, Qar @ ||—®At L and B ||—QAt 1. Further assume that, for an arbitrary D 2 C
and arbitrary Zag, [at, ) 2 ¢ and II—HAt Y. By monotonicity, ¢,y Il—AAt a @ B, hence with H—%t ¢ and
M—I;)At ¥, by (Inf), we obtaln II—%*t Zhts H’“ a® B. From II—%*t Zacllac o 7}?,3 and « Il—gAt 1 and B Il—ggf“ 1
(thus also «a II—%At L and B II—%At 1), by (%), we obtain ||—§)‘“’ZA"HA"@A"QAt L. Since ||—§)‘“’Z’“’H’“’@A"QAt L
and D 2 C such that IFZAt ¢ and IFHA‘ Y for arbitrary Xat, ae, by (Inf), ¢,y IFAAt’GAt’QAt 1. Since

FA‘ ¢y and ¢, ¥ II—AAt GAt Qac 1, by (®), we obtain II—I;At AaeOnea | Gince C 2 B 5uch that « Il—eAt L
and B II—QAt L for arbltrary Oat, Qat, and Il—l;At A Onc Oat 1, by (%), II—IZ;At Aae % B.

=a & B: Assume I Tac ¢®y and ¢,y II—AAt a & B for arbitrary Aa;. Further assume that, for an arbitrary

C 2 8B and arbltrary Zaes Hat, I—CAt ¢ and Il—gAt Y. Since ¢, ¥ ll—%At a& B and Il—zf“ ¢ and Il—gAt ¥, by (Inf),
we obtain IFéAt’ZA"HA‘ a & B. By (&), we thus obtain |kéAt’2At’HAt a and IkéA"ZA"HA‘ B. Since C 2 B such

that IFEA‘ ¢ and IFHAt Y for arbitrary Zag, [at, by (Inf), ¢,y IFA“ a and ¢,y IFAAt B. Since |FFAt QY
Fac,A

FA
p AtAtB

fa. Analogously, we obtain I

and ¢,y g Ane @, by the induction hypothesis, we obtain I
Now, by (&)7 we obtain ||-FAt Ay

¢ @Y and @, ¥ Iy
C 2 8 and arbltrary Oat, @ ll—gAt 1 and B ||—®At L. Further assume that, for an arbitrary D 2 C
Tty By monotonicity, ¢,y II—AAt a @ B, hence with n—%t ¢ and

and arbitrary Zag, [at, IFg) I ¢ and I
I @ @ B. From Il-%At el g g and @ n—(g’“ 1 and B ||—(2,At L (thus

HAt ¥, by (Inf), we obtaln Fg)
also e} II—®At 1 and B II—GA‘ 1), by (@), we obtain ||—§)“"ZA"I_IA"®At L. Since IF%‘"EA"HA‘EA‘ Land D2 C
such that IFE’“ ¢ and I Uac y for arbitrary Tag, Hae, by (Inf), ¢,y IFAA‘ O | . Since IFIZ;’“ ¢ ® ¢y and

O, Il—éAt G)A‘ 1, by (®), we obtain n—I(;At BB ) Gince C 2 B such that a Il-(gAt 1 and B Il-(g,At 1 for

a & B as required.

Cat Ant

X =a®p: Assume kg a @ B for arbitrary Aa:. Now assume that, for an arbitrary
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arbitrary ®a¢, and IFEAt’AAt’GAt L1, by (&), |FIZ;A“A‘“ adp.

x = T : Assume |kat ¢y and ¢,y |F%A‘ T for arbitrary Aat. By (T), IF;A“A“ T.

x =0: Assume IFFA‘ ¢ @y and ¢,y II—%At 0 for arbitrary Aat. Further assume that, for an arbitrary C 2 8

and arbitrary Xag, [ag, Il—iAt ¢ and Il—gAt Y. Since ¢,y II—%At 0 and Il—iAt ¢ and Il—gAt ¥, by (Inf), we obtain
n—é‘“’z’“’nAt 0. By (0), we thus obtain n—é‘“’z’“’n’“’@At 1 for arbitrary ®a¢. Since C 2 8 such that ||—ZAt )
and IFHAt ¥ for arbitrary Xat, Hat, by (Inf), ¢,y IFAAt O | | Since |FFAt Y and ¢, ¥ IFAAt On | by (®)

we obtam |krAt AaeOa | Since @p is arbitrary, we obtain Ik;At’AAt 0 by (0).

[m]

Lemma 3.19 If ||—FAt ¢ — ¢ and Iy B ¢ and ¥ 4 One x then M—FAt Aac-Ont

Proof. We shall prove the statement inductively. Note that in the case of (&), we require an induction
hypothesis stating that

Cat Ant Cat,Aat>Oac

if Fg" ¢ —o ¢ and k" ¢ and ¥ Ik g O 7 then IF g T

holds true for any proper subformula 7 of y, as in the proof of Lemma 3.11.

x = p: Assume IFIZ;A‘ ¢ — Y and lk%At ¢ and ¢ |F2At p for arbitrary Aat, @a:. Now assume that, for an
arbitrary C 2 8 and arbitrary Za:, p, Zat I—c L. Further assume that, for an arbitrary © 2 C and
arbitrary Ilag, |FTZI)A‘ Y. By monotonicity, ¢ Ik A p, hence with IFHAt ¥, by (Inf), we obtain IFGAt Mac .
From a1l p and p,Za; F¢ L (thus also p,ZAt Fp 1), by (At), we obtain Opt, [Iat, Zar Fo L.
Hence, Ik(;))‘“’n’“’zAt 1 by Lemma 3.10. Since IFG’“’H’“’E“ 1 and D 2 C such that |FHA‘  for arbitrary
¢, by (Inf), ¥ Il—G)At A ) Since ||—rAt ¢ — Y, II—AAt ¢ (thus also II—AAt $) and ¥ II—®At =) by (—0),
we obtain ||—gAt A ®At Zar 1, hence I'at, Aat, Oat, Zar Fe L by Lemma 3.10. Since C 2 B such that

D, Zat ke L for arbitrary Zat, and Tat, Aat, Oat, Zat Fe L, by (At), I FAt AneOnc p.

X =a®p: Assume Ik Tac ¢ — ¢ and g Bar ¢ and ¥ I O o ® B for arbitrary Aat, ®ar. Now assume that,
for an arbitrary C 2 B and arbltrary Zat, @, ﬁ |FZAt 1. Further assume that, for an arbltrary
D 2 C and arbitrary Iat, ac - By monotonicity, ¥ Il—eAt a ® B, hence with Il—l-IAt ¥, by (Inf), w
obtain II—(9At T o ® B. From ||—®At M o @ B and o, B ||—€At 1 (thus also @, 8 H—%‘t 1), by (®), we obtain
Ik%*t Mac. ZA‘ 1. Since |F%‘t Mac. ZAt 1 and D 2 C such that |kr;)‘“ ¥ for arbitrary I, by (Inf), ¢ IFgAt’ZAt L.
Since Ik;‘“ ¢ — Y, lk%’“ ¢ (thus also I}—éAt ¢) and ¥ Ik(gA"ZA‘ 1, by (—o), we obtain IFI;A“AA“@A"Z“ L.
Since C 2 B such that «, 8 II—ZAt L for arbitrary Za¢, and II—EAt’AAt’@At’EA‘ 1, by (®), Il—lz;‘“’AA"GAt a®pB.

X =a—o f: Assume I Tat ¢ o y and g Bac g and ¥ ll—G)At

for an arbitrary C 2 B and arbltrary Sat, Qag, Ik CA‘ a and B ll—gAt L. Further assume that, for an
arbitrary D 2 C and arbitrary Iag, |FIZI)‘“ Y. By monotonicity, ¥ Ik%“ a —o f, hence with IFrZI)At v,
by (Inf), we obtain II—%’“’I-[At a — B. From Il—%‘t’n’“ a — B, II—E,At a and B IkgAt 1 (thus also II-%t a
and B II—QAt 1), by (=), we obtain ll—(;))’“’n’“’z’“’QAt L. Since ll—(;)’“’n’“’z’“’QAt 1 and O 2 C such that

HAt W for arbitrary Ilat, by (Inf), ¥ IFGA‘ ZaeA ) Since kg T g -y, IFAAt ¢ (thus also Iké‘“ ¢) and

W II-G)At ZacQac 1, by (—), we obtain II—I;At Aac O Zaclac ) Slnce C 2 8 such that Il-if‘t a and B ID—%A‘ L
Lat,Aae,Oat, Zae, LAt 1, by (—0) "_FAt Apt,Oac
)

a —o B for arbitrary Aat, ®ar. Now assume that,

for arbltrary Zat, Qat, and e a — f.

x =1: Assume M—BAt ¢ — Y and II—ABAt ¢ and ¢ ||—GZ);At 1 for arbitrary Aat, ®at. Now assume that, for an

arbitrary C 2 B and arbitrary Zag, Il—gAt L. Further assume that, for an arbitrary D 2 C and
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arbitrary Ilag, |kr;)‘“ Y. By monotonicity, ¢ Ik%*t 1, hence with |FTQI)A‘ ¥, by (Inf), we obtain IF%‘“HA‘ 1.
From II—%“’rlAt 1 and II—ZAt 1 (thus also II—ZAt 1), by (1), we obtain II—(;))’“’HA"ZAt 1. Since II—GZ))‘“’HA"ZAt 1
and D 2 C such that II—HAt Y for arbltrary [at, by (Inf), ¥ II—G)At A ) - Since ||—FAt ¢ —o Y, ||—AAt ¢ (thus

also |FCAt ¢) and ¥ IFG‘“’E“ 1, by (—), we obtain IFE,‘“ Aac-One. ZAt L. Since C 2 B such that |%At 1 for

arbitrary Za¢, and "_FAt Ant,Oat,Zat L, by ( ) "_Iz;At,AAt,@At 1.

x =a?® B: Assume IFBAt ¢ — Y and lkg’“ ¢ and ¥ Ikg’“ a % B for arbitrary Aat, ®ar. Now assume that,
for an arbitrary C 2 8 and arbitrary Za:, Qat, @ II—E,At L and B n—gcz‘“ L. Further assume that, for
an arbitrary D 2 C and arbitrary Ilag, ||—l;)At Y. By monotonicity, ¢ ll—%“ a % B, hence with II—HAt W,
by (Inf), we obtain |k%‘t’nAt a % B. From IF%A"HA‘ a® B and a I%At 1 and B Ikg‘“ L (thus also a lk%“ 1
and 8 Il—QAt 1), by (%), we obtain Il—lg)‘“’@‘“’z‘“’QAt L. Since Il—];)‘“’@’“’z‘“’QAt 1 and D 2 C such that
II—HAt W for arbitrary Iat, by (Inf), ¢ II—G)At Zae | Gince ||—FAt ¢ —o ¢ and ||—AAt ¢ (thus also ll—éAt ¢) and
W IFGAt Zaefac ) Ty (o), we obtain IFE,“ AaeOneZae@a ) Gince € D B such that @ IF?“ 1 and B |kgAt 1

for arbltrary Zat, Qat, and IFFA‘ AaeOneZacfac ) 1oy (29)) IFFA‘ AaeOne o 29 B

x =a & B: Assume IFIZ;A‘ ¢ — ¥ and IF%’“ ¢ and ¥ IFZ‘“ a & B for arbitrary Aat, ®a;. Further assume that,
for an arbitrary C 2 B and arbitrary Ia, ll—gAt Y. Since ¥ n—(;‘“ a & B and n—g’“ ¥, by (Inf), we obtain
n—g’“’n’“ a & B. By (&), we thus obtain IkgAt’HAt a and II—GA"H‘“ B. Since C 2 B such that ll—gAt Y for

arbitrary Ila, by (Inf), ¥ I O o and V4 IFG)A‘ B. Since IkrAt ¢ — ¥ and IFAAt ¢ and ¥ IFGAt a, by the

induction hypothesis, we obtaln n—;’“ Aaes 9‘“

obtain IFIZ;A"AA"@“

a. Analogously, we obtain II—I;;At A One B. Now, by (&), we
a & B as required.

Cat Ant

¢ — ¢ and Fg" ¢ and ¥ Il-gAt a @ B for arbitrary Aat, @at. Now assume that, for
an arbitrary C 2 B and arbltrary Zat, @ IFEA‘ 1 and B lszt 1. Further assume that, for an arbitrary
D 2 C and arbitrary Ilat, ac - By monotonicity, ¢ Il—eAt a @ B, hence with Il—lg)At ¥, by (Inf), we
obtain I Onc.llac a®pB. From II—G)At M v o B and o II—CAt 1 and B8 H—i‘“ 1 (thus also « ||—§§t L and B Il—i)At 1),
by (&), we obtain IFI;)“ O, ZA‘ L. Since IFI;)A“GA“EA‘ 1 and D 2 C such that |FIZI)‘“ W for arbitrary Ilag,
by (Inf), ¢ ||—®At A ) Since M—;At ¢ —o Y and II—ABAt ¢ (thus also Il—éAt $) and ¢ II—(gAt’ZAt 1, by (—),
we obtain ||—gAt AaeOacZac | GQince C 2 B such that a ||—§At 1 and B Il—?“ 1 for arbitrary Za¢, and
M—EA“AA“@A“EA‘ 1, by (@), n—FAt’AAt’@At adp.

Apt

X =a®p: Assume kg4

X =T : Assume Iy Tac ¢ — ¥ and Fg* ¢ and ¢ Il—®At T for arbitrary Aat, @at. By (T), ||—FAt AaeOnc

x =0: Assume IFBA‘ ¢ — Y and IFBA‘ ¢ and ¥ |F%At 0 for arbitrary Aat, @at. Further assume that, for an
arbitrary C 2 8 and arbitrary Tlag, ll—gAt Y. Since ¥ n—%“ 0 and ll—gAt ¥, by (Inf), we obtain Il—g‘“’gAt 0.

By (0), we thus obtain Il—g‘“’g’“’ZAt L for arbitrary Xa;. Since C 2 B such that Il—gAt Y for arbitrary

[Iat, by (Inf), ¢ ||—®At At | Since Ir—;’*t ¢ — ¥ and II—%At ¢ and ¥ H—GE;‘“’EAt 1, by (—), we obtain

Tac.A b . . . TauA
kgt One-Zac ) Slnce T is arbitrary, we obtain I/ AeOA () by (0).

O

Lemma 3.20 If ||—FAt 1 and Iy O v then n—FAt Bac g

Proof. We shall prove the statement inductively. Note that in the case of (&), we require an induction
hypothesis stating that

. Tac Ant Cat,Aat
if g 1 and Fg' T 7 then kg T

holds true for any proper subformula 7 of y, as in the proof of Lemma 3.11.
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x = p: Assume Ik;‘“ 1 and Ik%‘“ p for arbitrary Ap;. Further assume that, for an arbitrary C 2 8 and
arbitrary Oat, p, Oat ¢ L. From II—%At p and p,Op k¢ L, by (At), we obtain Aat, Oatr F¢ L. Hence,

Iké‘“’GAt L by Lemma 3.10. Since |k;‘“ 1 and |kéA"®At 1, by (1), we obtain IFEA“AA“@A‘ L, hence

Cat, Aat, Oar ¢ L by Lemma 3.10. Since C 2 B such that p,®a; ¢ L for arbitrary ®Oa:, and
Cats Aat, Oac Fe L, by (At), |F;At’AAt p.

X =a®B: Assume n—;’“ 1 and II—ABAt a ® B for arbitrary Aa;. Further assume that, for an arbitrary C 2 8

and arbitrary @as, a, 8 Ikg‘“ 1. From IF%’“ a®pf and a,B Ikg’“ 1, by (®), we obtain lkéAt’G)A‘ 1. Since
IFIZ;At 1 and |kéA"®At 1, by (1), we obtain |FE,At’AAt’®At L. Since C 2 8 such that a, B IkgAt 1 for arbitrary
Oat, and |FEA“AA"®‘“ 1, b (®), |k;At’AAt a®p.

X =a —o B: Assume Ik;’“ 1 and |F%A‘ a —o f for arbitrary Aa;. Further assume that, for an arbitrary C 2 8
and arbitrary ®ag, Qat, Il—(g‘“ a and B Il—gczAt 1. From II—%At a — B, Il—(gAt a and B Il—gAt 1, by (=), we
obtain n—éAt’@‘“’QAt L. Since II—I;;“ 1 and Il—é,’“’e)’“’QAt 1, by (1), we obtain II—E’“’A’“’GA"QAt L. Since C2 8B

such that Ikg’“ a and B IF%A‘ 1 for arbitrary Oat, Qat, and |kgAt’AA“’®At’QA‘ 1, by (—o), IFIE;A“A“ a — B.

x =1: Assume Il—lﬁ;At 1 and H—%At 1 for arbitrary Aat. Further assume that, for an arbitrary C 2 8 and
arbitrary Oag, II—GC)At L. From II-%At 1 and Il-(gAt 1, by (1), we obtain Il—é’“’eAt L. Since II—I;BAt 1 and
n—é‘“’@’“ 1, by (1), we obtain ||—E‘“’A‘“’®At 1. Since C 2 B such that Il—(gAt 1 for arbitrary @a, and
"_EAt,AAt,®At 1, by (1)7 "_l:BAt,AAt 1.

— . Cac Aat

X =a?® p: Assume Fg" 1 and "(:)B A N ¢ .

and arbitrary Oat, Qat, @ IFCAt Landp IFCAt L. From K" a® g and IFCA‘ Land B IFCA‘ L, by (%), we

obtain Il—é“t’@’“’QAt 1. Since Il—gAt 1 and Il—é’“’(‘;)‘“’QAt 1, by (1), we obtain II—I;’“’AA"@A"QAt 1. SinceC2 8

such that «a II—GC)At 1 and B n—gcz‘“ L for arbitrary ®a¢, Qat, and ||—lg‘"AAt’®’“’QAt L, by (%), n—lz;At’AAt a®p.

a % B for arbitrary Aay. Further assume that, for an arbitrary C 2 8

x =a & B: Assume Il-l;BAt 1 and II—ABAt a & B for arbitrary Aai. By (&), we thus obtain II—%At a and II—%At B.

Cat,Aat

Since Il—lf;At 1 and II—%At @, by the induction hypothesis, we obtain I 4 a. Analogously, we obtain

n—g’“’AAt B. Now, by (&), we obtain II—;’“’AAt a & B as required.

X =a®B: Assume M—IZ;A‘ 1 and II—ABAt a @ B for arbitrary Aa;. Further assume that, for an arbitrary C 2 8
and arbitrary Oa;, @ Ik(gf“ 1 and B Ik?,’“ L. From II—%At a® B and a lk(g’“ 1 and B IkgAt L1, by (&), we
obtain ||—éf“’®‘“ L. Since II-I;BAt 1 and Il-é’“’9At 1, by (1), we obtain ||—E‘“’A’“’®At L. Since C 2 8B such that
@ Il—(gAt 1 and B Il—(gAt 1 for arbitrary ®a, and M—EA"AA“@A‘ 1, by (@), Il—g’“’AAt ad®p.

X =T : Assume Il—l;gAt 1 and II—%At T for arbitrary Aat. By (T), n—lz;At’AA‘ T.

x =0: Assume n—l;g’“ 1 and II—ABAt 0 for arbitrary Aat. By (0), from II—%At 0 we obtain II—%At

Oa¢. Since Iklz;’“ 1 and |F%A"®At 1, by (1), we obtain Ik;At’AAt’eA‘ L. Since O is arbitrary, we obtain
Cat.An
Fg"™" 0 by (0).

O ) for arbitrary

O

Lemma 3.21 If II—;At ddY and ¢ II-%At x and ¥ II-%At x then n—;‘“’AAt X-

Proof. We shall prove the statement inductively. Note that in the case of (&), we require an induction
hypothesis stating that

Cat

. A An Cat.An
if kg g@®yY and ¢ IFg" 7 and ¥ K" 7 then 27 7

B
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holds true for any proper subformula 7 of y, as in the proof of Lemma 3.11.

X =p: Assume n—;’“ ¢ ® Y and ¢ Il-%At p and ¥ IFg Bac p. Now assume that, for an arbitrary C 2 8 and
arbitrary Oa¢, p,Oar F¢ L. Further assume that, for an arbitrary D 2 C and arbitrary Xag, I+ DAt o.

By monotonicity, ¢ n—%“ p, hence, by (Inf), we obtain n—%“’z’“ p. From ||—§3“’2A‘

p and p,BOa; F¢ L
thus also p,®a: Fp L), by (At), we obtain Aat, Zat, Oar Fp L. Hence, A ZALOA | by Lemma 3.10.
D

Since ll—AAt 2aOa ) and D2 C such that 1) 2 g for arbitrary Sag, by (Inf), ¢ ||—AAt O Analogously,

for an arbitrary & 2 C and arbitrary Tlat such that I Mac | obtain ¥ IFAAt O | . Since |klz;‘“ ¢ ® Y and
IFAAt Oa | and IFAA‘ Ohc L1, by (@), we obtain LA AAt Ont L, hence I'ag, AAt, Oat Fc L by Lemma 3.10.

C
Slnce C 2 B such that P, Oat ke L for arbitrary Oat, and [ag, Aat, Oat e L, by (At), rAt Ant p.
Cat

AAt AAt

x=a®p: Assume Fg" ¢ @y and ¢ kg @ ® f and ¥ g

C 2 8B and arbltrary Oat, @, B IFGA‘ L. Further assume that, for an arbitrary O 2 C and arbitrary

Zat, g Za ¢ By monotonicity, ¢ ||-AAt a ® B, hence with ||-zAt ¢, by (Inf), we obtain II-%‘“’ZAt a®p.
AAt ¢ ® B and @, B II—®At L (thus also a,B II—G)At J_) by (®), we obtain ||—AAt ZaeOn ) Gince
IFAAt Zhc: G)At 1 and D 2 C such that IFZA‘ ¢ for arbitrary Xa¢, by (Inf), ¢ IFAAt O | Analogously, for
an arbitrary & 2 C and arbitrary Ia; such that IknAt W, obtain Iké’“ GA‘ 1. Since lklz;’“ ¢ &y and
) ||—AAt Oa ) and W Il—éAt O 1, by (@), we obtain Il-l(i,At AaeOac ) Gince C 2 B such that a, B Il—(gf“ 1 for

arbltrary ®at, and II—F’“’A’“’@‘“ 1, by (®), Il—r‘“’AAt a®p.

a ® . Now assume that, for an arbitrary

From (2

X =a— B: Assume g Ta @y and ¢ g My — B and ¥ g ®¢ o — B. Further assume that, for an
arbitrary C 2 8 and arbitrary ©Oag, QAt, - CAt a and B I CAt L. Further assume that, for an arbitrary
D 2 C and arbitrary Zag, lk%’“ ¢. By monotonicity, ¢ IF%’“ a — B, hence with |k§)‘“ #, by (Inf), we
obtain II—%“’ZAt a — B. From II—%’“’ZAt a — B, II—(gAt a and B II—SC2At L (thus also II—%At a and B Il—%At 1),
by (—o), we obtain II—%“’Z’“’@’“’QAt L. Since Il—g“’z‘“’@’“’QAt 1 and D 2 C such that ||—§;“ ¢ for arbitrary
Yat, by (Inf), ¢ Il-é‘\t’@‘“’QAt 1. Analogously, for an arbitrary & 2 C and arbitrary Ila; such that
Il—gAt W, obtain ¢ Il—é’*t’@‘“’g2At 1. Since II—I;BAt ¢ ®dyY and ¢ Il—é’*t’@‘“’g2At 1 and ¢ Il—é’“’(a’“’QAt 1, by (&),
we obtain ||—EA"A’“’®A"QAt L. Since C 2 B such that Il—(g‘“ a and B "_sczAt 1 for arbitrary ®ag, Qat, and

"_EAt,AAt,G)AtsQAt L, by (o), "_l:BAtsAAt a —o B.

x =1: Assume II—;At ¢ @Y and ¢ ||—,ABAt 1 and ¥ II—,ABAt 1. Now assume that, for an arbitrary C 2 8 and
arbitrary Oag, Ik(gf“ L. Further assume that, for an arbitrary O 2 C and arbitrary Zag, Ik%“ ¢. By
monotonicity, ¢ II—%At 1, hence with II-%At #, by (Inf), we obtain II—%‘“’ZAt 1. From II-%‘“’ZAt 1 and Il—(g.At 1
(thus also II—%‘t 1), by (1), we obtain n—%“’z‘“’@‘“ 1. Since II-%’“’E‘“’®At 1 and O 2 C such that ||—§)At ¢
for arbitrary Zag, by (Inf), ¢ IFAAt
that wHAt

Cat, AAt
I+ c

On ) Analogously, for an arbitrary & 2 C and arbitrary I1a; such
Y, obtain ¢ IFAA‘ Oa | . Since IFFA‘ oY and ¢ Iké’*"@‘“ 1 and ¥ Iké’*"@“ L1, by (&), we obtain
O | Since C 2 B such that II-G)At 1 for arbitrary @, and M—E‘“’AA"G’“ 1, by (1), IF;At’AA‘ 1.

X =a?®p: Assume I, T g @y and ¢ kg M o % B and ¥ ||-AAt
C 2 8B and arbltrary Oat, Qat, @ - C’“ L and B ll—gAt L. Further assume that, for an arbitrary D 2 C
and arbitrary Zag, IF%“ ¢. By monotonicity, ¢ Ik%‘t a % B, hence with lk%“ #, by (Inf), we obtain
II—%“’EAt a?® B. From II—%‘“’ZAt a® B and a II—(gAt 1 and B Il—gcz‘“ 1 (thus also @ Il—%At 1 and B II-%At 1),
by (%), we obtain II—%“’ZA"G‘“’QAt L. Since II—%“’ZA"G’“’QAt 1 and D 2 C such that ||—%*t ¢ for arbitrary

Yat, by (Inf), ¢ Iké’*"@‘“’g“ 1. Analogously, for an arbitrary & 2 C and arbitrary Ila, such that

a % B. Now assume that, for an arbitrary
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I : A, Opt,Qp : L At Ot Q A, Ot
™, OlPtEZln W I;Ct AL Since kgt ¢ @Y and ¢ AT Js_zand YT 1 by (@), we
obtain I CAt’ acOaeae ) GQince C 2 B such that a Il—(gAt 1 and B IkcAt 1L for arbitrary ®at, Qat, and
"_];‘AtyAAt,GAt’QAt L, by (%), "_rBAt’AAt a®B.

x =a & B: Assume Il—gAt ¢ &y and ¢ II-ABAt a & B and ¥ II—%At a & B. Further assume that, for an arbitrary
C 2 B and arbitrary Zay, II—?At ¢. By monotonicity, ¢ Il—éAt a & B, hence with II—?},At #, by (Inf), we
obtain IFéAt’ZA‘ a & B. By (&), we thus obtain lké’“’z“ a and IkéAt’ZA‘ B. Since C 2 B such that IFE,A‘ )
for arbitrary Xa¢, by (Inf), ¢ IF%’“ a and ¢ Ik%‘“ B. Analogously, for an arbitrary O 2 8 and arbitrary
ITa; such that Il—rzl)At ¥, obtain ¢ M—%A‘ a and ¢ II—,ABAt B. Since II—;At ¢ @y and ¢ ||—2AgAt a and ¢ II—ABAt a, by

the induction hypothesis, we obtain Ik;At’AAt a@. Analogously, we obtain Ik;At’AAt B. Now, by (&), we
obtain II—;’“’AAt a & B as required.

X =a®B: Assume H;At d®Y and ¢ |F%A‘ a®p and ¥ IF%A‘ a® pB. Now assume that, for an arbitrary C 2 8
and arbitrary ®Oa, « ll—(gAt 1L and B n—(g‘“ L. Further assume that, for an arbitrary 9 2 C and arbitrary
ZAt, II—%“ ¢. By monotonicity, ¢ Il—ﬁ)At a @ B, hence with ||—§;*t #, by (Inf), we obtain ||—§)‘“’ZAt ad®p.
From n—%‘“’z‘“ a® B and a Il—gAt 1 and B Il-gAt 1 (thus also a II—%At 1 and B n—%“ 1), by (@), we obtain
M—%At’z’“’@‘“ 1. Since ||—%‘“’ZA"(aAt 1 and D 2 C such that Il—i)At ¢ for arbitrary Xat, by (Inf), ¢ Il-é‘“’9At L.
Analogously, for an arbitrary & 2 C and arbitrary Ila; such that ll—gAt Y, obtain ¥ n—é‘“’@’“ L. Since
n—l;g’“ ¢ &Y and ¢ ||—é‘“’®’“ 1 and ¢ n—éAt’@At L, by (&), we obtain II—E’“’A’“’@At 1. Since C 2 B such that

0 e : Tat,Aat.0 Tae,A
a - L and Bir " L for arbitrary ®ar, and 07T 1 by (@), Fg0T a @ B
r A A Tac.A
X =T: Assume Iz ¢ ® ¢ and ¢ k" T and ¢ kg T. By (T), kg% T.

x =0: Assume IFIZ;A‘ ¢ @y and ¢ |F%A‘ 0 and ¥ |F%A‘ 0 for arbitrary Aa;. Further assume that, for an
arbitrary C 2 8 and arbitrary Zag, ||—§,At ¢. Since ¢ Il—éAt 0 and M—E,At ¢, by (Inf), we obtain n—é’“’z‘“ 0.
By (0), we thus obtain Il—ﬁ,’“’z‘“’®At 1 for arbitrary ®at. Since C 2 8 such that II—E,At ¢ for arbitrary Xa,
by (Inf), ¢ II—%’“’@At 1. Analogously, for an arbitrary 9 2 8B and arbitrary I1a; such that II—IZT)At W, obtain
W n—%‘“’@‘“ L. Since II-;At ¢d Y and ¢ M—%At’@’“ L and ¥ M—%At’@’“ L, by (&), we obtain IFI;At’AAt’GA‘ L.Since
®p: is arbitrary, we obtain Il—l;g‘“’AAt 0 by (0).
O

Lemma 3.22 If lklz;’“ 0 then IFIZ;A“AAt X-

Proof. We shall prove the statement inductively. Note that in the case of (&), we require an induction
hypothesis stating that

if u—;‘“ 0 then n—;‘“’AA‘ T
holds true for any proper subformula 7 of y, as in the proof of Lemma 3.11.
X = p: Assume ||—;At 0. Further assume that, for an arbitrary C 2 8 and arbitrary Oat, p, Oat, Aat Fe L.
Now, from Il—l;gAt 0 we obtain II—I;;“’ZA‘ 1 for all Zay by (0). In particular, then, let ay = Aar U @p¢ for
arbitrary Aat, hence L AeAacOnc L, hence IFEAt’AAt’GAt 1 by monotonicity, hence Tat, Aat, Oar F¢ L by

B
Lemma 3.10. Since C 2 B such that p,®a; ¢ L for arbitrary ©at, and [at, Aat, Oat Fe L, by (At),
Cat,Aac
- p.
B

X =a®B: Assume II—;At 0. Further assume that, for an arbitrary C 2 8 and arbitrary @Oat, @, B Ikg’“ L.
Now, from II—;At 0 we obtain Iklz;‘“’z’“ 1 for all Za¢ by (0). In particular, then, let Tar = Aat U Oat

for arbitrary Aat, hence Il—lz;’“’AAteAt 1, hence II—I;A“AA“(9At 1 by monotonicity. Since C 2 8B such that
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) : Tat,AAt.® Tae.A
a, B L for arbitrary @, and IF fo7ATA 1 by (®), g0 @ ® B.

X =a —o B: Assume lk;’“ 0. Further assume that, for an arbitrary C 2 8 and arbitrary Oat, Qat, IkgA‘ a

and Ikg’“ 1. Now, from IFIZ;A‘ 0 we obtain |k;At’2At 1 for all ¥a¢ by (0). In particular, then, let

Zar = Aa UOa: UQ: for arbitrary Aag, hence Ik;At’AA‘GAt’QA‘ 1, hence Il-l;At’AA"@At’

Since C 2 B such that ||—(2,At a and B ll-gAt L for arbitrary ®a;, Qat, and ||—E,A"AA"®A"QAt L, by (—o),

Cat.Aat
P a —o f.

©at | by monotonicity.

I+

x =1: Assume II—I;gAt 0. Further assume that, for an arbitrary C 2 B and arbitrary Oag, Il—gAt L. Now, from
n—;’“ 0 we obtain Ik;“"z’“ 1 for all £a¢ by (0). In particular, then, let Xa; = Aat U®a¢ for arbitrary Aag,
hence K289 | hence ||—EA"A‘“’®At 1 by monotonicity. Since C 2 B such that Il—gAt L for arbitrary

Oa¢, and |kgAt’AA"®At 1, by (1), |FIZ;A"AA‘ 1.

x =a?® B: Assume Il—l‘;;At 0. Further assume that, for an arbitrary C 2 B and arbitrary ®Oat, Qat, @ Il—gAt 1
and 8 IFSC)A‘ 1. Now, from IF;A‘ 0 we obtain K2 1 for all a; by (0). In particular, then, let

B
Cat,Aat®Oat,Qa¢ Cat,Aat,Oats
L, hence I/

Zat = Aa UOa UQn: for arbitrary Aag, hence I P Qac | by monotonicity.
Since C 2 8B such that « Il—?f“ L and B Il—gAt L for arbitrary ®Oa¢, Qat, and II—I;A"A‘“’@A"QAt 1, by (%),

L AGAA: o 29 B.

B
x =a & B: Assume M—IQ;’“ 0. By the induction hypothesis, we obtain Il—l;g‘“’AAt a and II—I;;“’AAt B. Now, by (&),
we obtain Il-lA,;BAt’AAt a & B as required.

X =a®B: Assume ||—1;L3At 0. Further assume that, for an arbitrary C 2 B and arbitrary Oa, « n—(g’“ 1

and B Il—?,At 1. Now, from n—;’“ 0 we obtain M—IZ;’“’Z‘“ 1 for all Za; by (0). In particular, then, let
YAt = Aar U Op; for arbitrary Aag, hence DAeAaOar L, hence IFE,A"AA“@“ 1 by monotonicity. Since

B
C 2 8 such that «a |F2At 1L and B Ik(gf‘t L for arbitrary ®at, and |k2At’AA"®At L1, by (&), IFIZ;A"AA‘ a®p.

X = T : Assume |kl;§“ 0. By (1), ”_;At’AAt T

x =0: Assume M—IZ;A‘ 0. Now, by (0), from n—li,;’“ 0 we obtain Il—l:[j,’“’ZAt 1 for all Za¢. In particular, then, let

Zar = Aar U Opy for arbitrary Aag, Oat, hence IFIZ;A“A“@A‘ L. Since Op; is arbitrary, by (0) we obtain
"_FAt,AAt 0
P )

O

4 Soundness

In this section, we show that MALL is sound with respect to our semantics — meaning that every provable
formula is genuinely valid. In other words, we will prove that if I' kpaLL ¢ then I' - ¢. This follows from
the semantic reductio ad absurdum, shown next, along with the fact that I+ respects MALL inference rules.

Lemma 4.1 IfT',-¢ +g L then T kg ¢.
Proof. Let I' = {y!,. ..,¥"} and assume that, for an arbitrary C 2 8, for all y'eT (1 <i<n)and

. . ; (O ; . . . e
arbitrary multisets Y, F ** ¢'. The statement is proved inductively. We will illustrate the proof for %, &
and 0. The remaining cases are similar.

@i . . @1 ...,0%
¢p=aZBp: Assume I',=(a ¥ ) kg L. Since . y', Vy' € I', we obtain ~(a & B) """ L by
Lemma 3.15. Now assume that, for an arbitrary 9 2 C and arbitrary Za, Qar, @ F2% 1 and

D
B II—%At 1. Further assume that, for an arbitrary & 2 D and arbitrary Ila, II-I(;IAt a ® B. Since
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Ikg“t a?® B and a lk%“ 1 and B IF%At 1 (thus also «a I%At 1 and B Ikg‘“ 1 by monotonicity), by (%),
we obtain Il—g’“’z’“’QAt 1. Since also & 2 D such that n—g’“ a B B for arbitrary Ila;, we obtain

a®p IF%‘“QA‘ 1 by (Inf). Hence, lk%“’g‘“ (@ ®B) — L, by Lemma 3.16, i.e. IF%‘"Q“ -(a?® B). Now,
: OOk Zae,Qat . ZAnQAnO),-,0
since =(a % B), 1 and I —(a % B), we obtain I,

. . 01,...0%
D 2 C such that « II—%“ 1 and [3."—%’*t L for arbitrary Xat, Qat, by (%), we obtain I ""7A o B B.

we obtain I" kg @ % 8 by (Inf).

Ay by (Inf). Since also

oL -

Finally, since C 2 8B such that I CAt y' for arbitrary multisets @Y,
e\ : : el...o

p=a&p: Assume I',=(a & B) kg L. Since 1 y', Vy' € T', we obtain ~(a & B) "7 L by

Lemma 3.15. Now assume that, for an arbitrary D 2 C and arbitrary Xa;, ||—§)At -a (i.e. «a g

by Lemma 3.16). Further assume that, for an arbitrary & 2 D and arbitrary Ilag, ll-gIAt a & B. Then

Il—gAt a by (&), and hence ||—§;At’nAt 1 by (Inf). Since ||-§;At’rIAt L and & 2 D such that Il—g’*t a & B, we

obtain a & B II—%*t 1 by (Inf). Thus, Il-i)At a & B — L by Lemma 3.16, i.e. ll—i)At -(a & B). Now, from

Opre O, Sac D /N ) N .
(e & p) Ik, L and H* ~(a & B) we obtain I, 1 by (Inf). Since also D 2 C such

.....

. . o, " .
that H—%‘t -« for arbitrary Za, by (Inf), we obtain —a """ L. Analogously, for an arbitrary

. . el...oen . e .
F 2 C and arbitrary Ia; such that IFI;“ —B, obtain = "7 L. Since C 2 B such that I ¢,

Vy' € T, for arbitrary multisets ©} , by (Inf) we conclude I', e kg L and I', =8 I L; the induction

hypothesis yields T" g @ and T" g B. Now, since Il—gAt Wi, V¢t e T, by (Inf) again we obtain

...............

i . . el N . .
" B, respectively. Then, by (&) we obtain I ,*""""* @ & B. Finally, since

we obtain I' kg @ & B by (Inf).

7 91
At o and IF CAt

c) ; . . ;
C 2 B such that I ¢' for arbitrary multisets ©Y,,

. el ; . e:......on
¢ =0: Assume I', =0 kg L. Since - y', V' € [ar, we obtain =0 + 2" L by Lemma 3.15. Further
assume that, for an arbitrary O 2 C and arbitrary Iag, Ier[)At 0. Then, by (0), we have that IF%A"A’“ 1

for arbitrary Aa¢. Since also © 2 C such that Il—l;)At 0 for arbitrary Ilar, we obtain 0 Il—éAt 1 by (Inf).

. . 0;
Hence, ll—éAt 0 — 1, by Lemma 3.16, i.e. H—é’“ —0. Now, since =0 I é‘“
Ape-Oppo-- . O, . . . YA oL _ .
o L by (Inf). Now, since Ap; is arbitrary, we obtain I, 0 by (0). Finally, since

C 2 8 such that Ikgl‘“ ' for arbitrary multisets @ .» we obtain I' g 0 by (Inf).

.....

At 1 and KA =0, we obtain

Theorem 4.2 (Soundness) If T kyaLL ¢ then T - ¢.

Proof. Given that r is defined inductively, it suffices to prove the following:

(Ax) @k ¢.

(®1) IfT'k¢ and Ay then T,AF @@y
(®E) U TIr¢®y and A, ¢,y - y then T, Ak y.
(—oI) I, ¢y then 'k ¢ —o .

(=E) IfT'r ¢ - and A ¢ then I',A - y.
(11~ 1.

P I, ¢,k L then T I ¢ By

(BE) IfTro By and A,p - L and O, I L then I'A, O IF L.
"I T, =¢ - L then T I ¢.

" IfT'r¢gand Ty then T' - ¢ & .

)
)
)
)
)
1E) T ¢ and A1 then I',A I ¢.
)
)
|
(&E) IfT ¢ &y then 'k ¢ and T IF .
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) UT'rgporT iy then 'k ¢ & .

(@E) IfT'r¢@y and A, ¢k y and A, - y then T, A y.
) TrT.

) T wO0then I'A I ¢.

In this proof, we set I' = {a!,...,a"} and A = {B',...,8™}. We will make use of Lemma 3.12, which
states that ' I ¢ is equivalent to I kg ¢ for any I' and ¢.

(Ax)’. By (Inf), it suffices to show that, for arbitrary B and arbitary Aat, n—?g‘“ ¢ implies n—%‘“ ¢, which
trivially holds.

(®1)’. Assume I' + ¢ and A . Now assume that, for an arbitrary B, Vo' e (1<i<n),Vs €A

. el...en
1 < j < m) and arbitrary multisets @', kg O of and kg s J. By (Inf), we obtain kg ¢ and
; At
sl..zm
kg% W, respectively. Further assurne for an arbitrary C 2 8 and arbitrary I, that ¢,y II—HAt L.

At’

. el,..en 3l zm et,..er ozl zm
Since moreover I """ A ¢ and I BA‘ Aty (thus also A7 A ¢ and I CA‘ Ay by monotonicity),

or xk zm ¢
At> At

we obtain I At 1 by (Inf). Since also C 2 B such that ¢,y IFH’“ 1 for arbitrary

C
ei.,...0n 3l . zm
[, by (®), kg7 A4 ¢ @ . Finally, since 8 was chosen such that I % of and kg Z B’ for

arbitrary multisets @kt, as DY (Inf), T,A - ¢ ® 4.

(®E)’. Assume I' F ¢ @ ¥ and A, ¢,y + x. Further assume that, for an arbitrary B,Va' €T (1 <i<n),

VB/ € A (1 < j < m) and arbitrary multisets @fAt,Z]At, I—G)At o' and kg s B’. Then, by (Inf), we

1
obtain Ik%“ """ O ¢ ® ¢ and, by Lemma 3.15, ¢, I Zperen Z t y. By Lemma 3.18, we thus obtain

(CTTN /0 ) SIS ¥/ o . s ) '
* x. Finally, since 8 was chosen such that " o' and g* g/ for arbitrary multisets

©),. 2}, we obtain I A I+ y by (Inf).
(—oI)’. Assume I, ¢ i . Now assume that, for an arbitrary 8, Va' € T" (1 <i < n) and arbitrary multisets
Ope: A A
W IFHAt 1. Now, from I', ¢ I ¢ and Ik%’*t @' (thus also Ikgl‘“ @' by monotonicity) and I%At é, by (Inf),
61 """ e Y. Since moreover IkgAt 1, we obtain IFHA“G)}“ """ rodae | by (Inf). Since also C 2 8
such that ||-EAt ¢ and Il-l-IAt 1 for arbitrary Xat, [at, by (—o), II—Z}\t """ O ¢ —o . Finally, since B was

C
by (Inf), I'IF ¢ — y.

o . . .
kg a'. Further assume that, for an arbitrary C 2 8 and arbitrary Xar, Hat, I%At ¢ and

e
chosen such that I o' for arbitrary multisets O/ e

(—<E). Assume I' ¢ — ¢ and A I ¢. Further assume that, for an arbitrary B, Yo' €T (1 <i<n),

; . . e; .
VBl e A (1 <j<m) and arbitrary multisets @fAt,Z]At, g a' and kg i B’. By (Inf), we obtain
el,..er sl m .
kA ¢~ ¢ and Iy ZpernE o, respectively. Notice that ¢ + ¢ by (Ax)’, thus ¢ kg ¥ by
@n

el .,.onxt . .
g Ehor IR W by Lemma 3.19. Finally, since 8 was chosen such

by (Inf), I, A I .

monotonlc1ty We then obtain IF

that I %% o and [ Zn B/ for arbitrary multisets @’ - At,

(1I)’. Assume that, for an arbitrary 8 and arbitrary @at, IF%‘“ 1. Now, IFGZ);A‘ 1 trivially implies |F%At L.
Thus, since B8 and Oa; are arbitrary, by (1) we obtain I 1.

(IE)’. Assume I' ¢ and A I+ 1. Further assume that, for an arbitrary B,Va' €T (1 <i<n), Vﬁf €A

(1 < j < m) and arbitrary multisets &’ II—®At o' and kg Zn B7. Then, by (Inf) we obtain ||—®At """ i )

At’ At7
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1 m el .., er .zl nm

s,
and - TTA respectlvely By Lemma 3.20, we thus obtain I 7 ACTA at ¢. Finally, since 8
was chosen such that I BAt o' and I BAt B/ for arbitrary multisets @;t, Z/Iw we obtain I', A I+ ¢ by (Inf).

(®1)’. Assume I', =¢p, = I L and that, for an arbitrary 8, Va' € T' (1 <i < n) and arbitrary multisets ©"

At’
o . .
kg a'. Further assume that, for an arbitrary C 2 8 and arbitrary Za¢, Ha¢, ¢ I cAt 1L and ¥ CA‘ 1.
.. e ;
From Lemma 3.16 we have that e ZA g and II—rIAt - and, by monotonicity, .* o' . Hence by

1 n
applying (Inf) twice, A L. Thus by (%), ||—((ZAt """ O ¢ % . Finally, since 8 was chosen

: c
such that Il—(;At a' for arbitrary multisets © 0, by (Inf), T ¢ By

(BE). Assume I' - ¢ B and A, ¢ - L and Q, + L. Further assume that, for an arbitrary 8, Vo' € I’

(1 <i<n), V,Bf eA(1<j<m),Vy*¥eQ (1 <k <s) and arbitrary multisets @kt, At,H"g\t,

1 n
kg S B’ and [ i, y*. Then, by (Inf), we obtain M—ZAt """ O ¢ & ¢ and, by Lemma 3.15, ¢ I Zperen ZAt 1

..... H OR L Zh LI LT
A L. By Lemma 3.18, we thus obtain I, O At At ], Hence I'A,Q I L

@ .
Al l
g talt,

(Raa)’. Immediate by Lemma 4.1 (set 8 = S).

(&I)’. Assume I' F ¢ and I'  ¢. Further assume that, for an arbltrary B, Vol €T (1 <i < n) and

o el ..o el ...,
arbitrary multisets O kg a'. Then, by (Inf), we obtain kST G and Ik O V. By (&), we

“Av

. o} . . . .

thus obtain I * At ¢ & . Finally, since 8 was chosen such that IFB’“ o' for arbitrary multisets
@l

Ay We obtain ' - ¢ & ¢ by (Inf).

.....

(&E)". Assume I' IF ¢ & 1,// Further assume that, for an arbrtrary B,Va' €T (1 <i<n)and arbltrary

1

o el ... e!...0
multisets @fA‘t, kg a'. Then, by (Inf), we obtain g Ohe ¢&¢ By (&), we thus obtain i g7 ¢

A Y. Finally, since 8 was chosen such that I BAt a' for arbitrary multisets ®;\t,
'k ¢ and T+ ¢ by (Inf).

.....

we obtain

(®I)’. Assume that I' - ¢ or I - . Now assume that, for an arbitrary 8, Va' €T (1 <i < n) and arbitrary

el . 0.0 : "
multisets @’At, kg a'. Then, by (Inf), we obtain I """ ¢ or k77 A . Further assume that,

for an arbitrary C 2 8 and arbitrary Aat, ¢ . A ) and Vo A ) Now, from either ¢ ke A ) and

oL ..o oL .o @ ..... on el .., @
kg ) (thus also I C’“ A @) or from ¥ II—éAt L and " Ay (thus also I cAt Ay, we

e! 0:......0% . .
obtain I 1 by (Inf). By (@), we thus obtain """ ¢ @ . Finally, since 8 was chosen

we obtain I' - ¢ @ ¢ by (Inf).

.....

el . .
such that " o' for arbitrary multisets @kt,

(@E)’. Assume I' - ¢ @ ¥ and A, ¢ I+ y and A,y I y. Further assume that, for an arbitrary B,Va' e

(1<i<n),VB/ €A (1<j<m)and arbitrary multisets ®fAt, At? |—®At o and kg Zh B’. Then, by (Inf)

. el...en slonrm o owl z
and Lemma 3.15, we obtain """ ¢ ® ¢ and ¢ I ;" Ay and @ IFB’“ * ¥- By Lemma 3.21,

. 0,0l L xm . . el s
we thus obtain I 77 A7ATA - Finally, since 8 was chosen such that % @' and rg* g/ for

arbitrary multisets @’ by (Inf), I A I x.

At’ At’

. ; . . . ; o! ;
(TI)’. Further assume that, for an arbitrary 8, Vo' € I' (1 <i < n) and arbitrary multisets ©) , " a'.
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1 n
By (1), II—(O;BAt """ O T, hence, by (Inf), T' - T as desired.

(OE)’. Assume I' I 0. Further assume that, for an arbitrary B, Vo' e (1<i<n), VBl e A(1<j<m)

el . 0L,...0en
and arbitrary multisets @At,Zit, kg o' and g s B’. Then, by (Inf), we obtain kA 0. By
..... @ A
Lemma 3.22, we thus obtain IFB . ¢ for all Ap; and any ¢. In particular, let Ap; = Z (Y UZX‘t,
el.,...er x1 .. xm
hence I S ATTA Fhe ¢. By (Inf), then, I', A I ¢.
O

5 Completeness

In this section, we prove that MALL is complete with respect to the proposed semantics; that is, if I' I ¢,
then there exists a MALL-proof of I' + ¢. To establish this, we associate to each subformula ¢ of I' U {¢} a
unique atom p¥, and then, exploiting the fact that I' I ¢ is valid with respect to every base, we construct
a simulation base U for T U {¢} such that p¥ behaves in U as ¥ behaves in MALL.

Definition 5.1 [Atomic mapping] Let I' be a set of formulas. Let I's be the set of all subformulas and
negations thereof of formulas in I'. We say that a function o : I's U{L} — At is an atomic mapping for T'
if (1) o is injective, (2) o(¢) = ¢ if ¢ € At. For convenience, we denote o (¢) =: p?.

We note that such functions do exist as At is countably infinite.

Definition 5.2 [Simulation base] Let I be a set of formulas and o an atomic mapping for I'. Then a
simulation base U for T' and o is the base containing exactly the following rules for all ¢,y € I', all
multisets Tat, Aat, Oar:

Tae, p7?F L - P71 Tac F p°

Raa Tar F pT P — 0E
T b p? Atk P Cat, Aac b L
Tack p® Ak p¥ Tack p?®Y  Ape,p?,p?r L oF Tae p? + p¥ ol Cack p?°% Ak p? -
-
Tat, Apc F pP®Y ® Caes Aac b L Tae b p?—¥ Tae, Ape + p¥
1 -
- 11 Tac+ p? Aar b p 1B Tae, p%,—p¥ F L ny Tack PP A, p?r Ll OpLp?rlL »E
'_
p Cae> Aac F p? Tack p?3¥ Cat, Aat, Oac F L
4 v
Tact p Tack p &1 Tae F p?1&e2 Cac b p?i Tack p?®Y  Aa,p®r Ll Aap¥r L
Tas - p¢>&l// — &El —_— @Ii ok
At Tac - pi Tae F p?1992 Tat, Aag F L

Notice that, unlike usual proofs via simulation bases [9,23,52], ours does not require inclusion of all
atomic instances of ®E, ®E, OF, and ¥E; we only require instances with minor premises of shape L.

Lemma 5.3 Let I1 be a set of formulas, o an atomic mapping and U a simulation base for I1 and o .
Then, for all ¢ € 11, all B 2 U and all Tar, g Tar ¢ if and only if Tar Fg p?.

Proof. The proof is by induction on the complexity of ¢. The induction hypothesis is such that
g S if and only if Aa¢ Fg p¥

holds true for any Aat, any subformula y of ¢ and any base in place of 8. We illustrate the base case and
the case for —o, the other cases are similar and simpler.

(Base case). ¢ = p, hence p? = p; denote p~P as —p.
(=): Assume Iy Ta p Notice that p +g p and =p g —p. Then the following is a deduction in B:

® Remember that bases are closed under Ax and Subs (see Definition 3.6).
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— A —F)— A
prp " mpEop T
p,pkF_L -
This deduction shows p,—-p g L, so, together with Ik t p, we conclude I'at, =p Fg L by (At). Hence,
by applying reductio ad absurdum we obtain ['a; Fg p, as desired.

(&): Assume I'aq Fg p. Further assume, for an arbitrary C 2 8 and arbitrary Aag, that Aag, p F¢ L.
Since deductions are preserved under base extensions, it is also the case that Ia; F¢ p. We can thus
compose Ap;, p Fe L and I'ax k¢ p to obtain Aag, Ia F¢ L. Since C 2 B such that Aag, p F¢ L for
arbitrary Aat, and Aat, Dat Fe L, by (At), Ik;‘“ p, as expected.

(). d=a—B. )
(=): Assume Il—ll;At a — B. Since p® g p?, the induction hypothesis yields II—% a. Further assume,
for an arbitrary C 2 8B and arbitrary Aat, that Il—éAt B. The induction hypothesis thus yields Aat Feo pP.

Notice further that p™ rc p™P. Then the following is a deduction in C:

Ax

AmtpP pPrp?

AAt’ p_‘B FL

This deduction shows A, p™# +¢ L, so by Lemma 3.10, IFAAt’p L. Since C 2 B such that IFAAt B

Cac
B

and B H; L we obtain Ikz’“ PP by (—o). Hence, T'a¢, p% p™P g L by Lemma 3.10. Then the
following is a deduction in B:

for arbltrary Apr, and I Bne-p™” 1, by (Inf) we obtain B Il—fgﬁ 1. Now, from +/* @ — B and II—% a

LCat, p, p_"B Fi
Tae p® F pP
Cpe b pF
This deduction shows Tat Fg p@ 8, as expected.

Raa
—o]

(): Assume T'a; g p@°B. Further assume that, for an arbitrary C 2 8 and arbitrary Aat, Oa¢,

Iké‘“ a and B |kgAt L. Induction hypothesis yields Aac ¢ p®. Notice further that p# ¢ pf, hence,

. . ) 5 ) 5 _ 5
by the induction hypothesis, Iy, B. Since B ll-(gAt L and g, B, by (Inf), we obtain I}, Oa | Hence,

PP, ®p: ko L by Lemma 3.10. Since C 2 B, it is also the case that T'a; F¢ p@ 5, so the following is a
deduction in C:

Iac - PG_O'B Apc b p¢

—o

Cat, Aae F pP Oat. PP+ L
Fat, A, Oar L

Subs

This deduction shows Tat, Aat, Oat Fe L, so, by Lemma 3.10, we conclude IkgAt’AA"QAt L. Since C2 8B
such that Iké’“ a and B Ikg‘“ 1 for arbitrary Aat, @Oat, and IFEA“A“’@A‘ 1, by (-o), lk;’“ a — B, as

expected.
m]
Theorem 5.4 (Completeness) IfI'Ir ¢ then I FyaLL ¢.
Proof. Assume I' - ¢. Let I = {a',...,a"} and let U be a simulation base for I' U ¢ and some atomlc

mapping o. By Definition 3.7, F qq ¢ Let p® be an atom representing o' (1 < l < n). Since p?® rq p®

by Lemma 5.3 we have that Ikp a' for all @' € T'. Then, by (Inf), we obtain kazl """ P ¢. By Lemma 5.3

again, p,...,p%" rq p®. Denote Tar = {p®,...,p™" }; then Ta ¢ p?. Since the rules in U precisely
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correspond to the natural deduction rules of MALL (plus the admissible substitution rules), we can rewrite
each atom p¥ in the derivation of Ta; ks p? as ¥, hence obtaining the derivation I' + ¢ as desired. i

As previously remarked, our completeness proof requires only a notion of simulation base in which
applications of ®E, ®F, OE and ¥E have minor premises with shape L. This also yields a purely semantic
proof of the following proof-theoretic property:

Corollary 5.5 If I" FmaLL @, then there is a MALL-derivation of I' v ¢ in which all applications of ®F,
®FE, OE and BE have minor premises with shape L.

Proof. Assume I' + ¢. By soundness we conclude I' I ¢. Let U be a simulation base for I' U ¢ and some
atomic mapping o. Theorem 5.4 yields a derivation 7 showing I' + ¢. Since 7 was obtained by rewriting
atoms p? as ¢ in a derivation of U and all instances of ®E, ®E, OE and ®E in U have minor premises
with shape L, a straightforward induction on the length of 7 shows that it has the desired property. O

The same holds for every logic sound and complete with respect to similar classical semantics. This
property, which is sometimes used in classical normalisation proofs (see, for instance, Definition 3.8 and
Lemma 3.16 of [37], as well as the proof corrections in [34]), highlights important features of the interaction
between classical negation and classical disjunctions. Perhaps more importantly, the proof of the corollary
is purely semantic and does not require any reduction procedures or similar techniques, showing once again
that in BeS and PtS it is possible both to prove semantic results through syntactic means and syntactic
results through semantic means.

6 Concluding Remarks

Switching from the truth-centered model-theoretic paradigm to the demonstrability-centered proof-
theoretic paradigm yields a semantic framework perfectly suited for intuitionistic logics. This raises the
question of what would a general proof-theoretic account of classical semantics look like. This paper pro-
vides an illuminating answer in terms of a simple characterisation of classical linear logic through BeS.
Furthermore, even though our results are proven only for (a fragment of) classical linear logic, the structure
of proofs suggests that our methods are fully general and may also be applied to the intuitionistic version
of other logics, resulting in a similar semantics for their classical version.

The inner workings of our characterisation also bring to light some important conceptual insights.
Classical proof semantics can be derived by applying mild restrictions to the semantic clauses of intuition-
istic proof semantics—which themselves are simply explicit descriptions of what qualifies as an intuitionistic
proof for each logical connective. This suggests a natural conclusion: the very notion of a classical proof
might be seen as a restriction of the constructive concept of proof, or conversely, that the constructive
proof concept is a generalisation of the classical concept of proof. In this sense, a classical proof still carries
constructive content but requires significantly less information to be established.

This provides an intuitive justification for results showing that weakened algorithmic content can
consistently be extracted from classical proofs [10,41]. It also sheds light on how the classical version of
linear logic can be seen as constructive [25,26], even in the presence of rules incorporating the reductio ad
absurdum principle, and despite the existence of intuitionistic linear logic. The absence of structural rules
in the calculus increases the informational content required to establish proofs to such an extent that their
algorithmic interpretations become robust enough to be considered constructive — regardless of the use of
reductio ad absurdum.

This, of course, does not prevent intuitionistic linear logic from being even more constructive than its
classical counterpart, since it demands even more information to establish a proof. All this suggests that
the difference between classical and constructive proofs is best understood as quantitative, rather than
qualitative. It also supports the idea that constructivity is not a binary property but rather a spectrum of
informational requirements for proof construction.

Our characterisation of % and & also sheds further light on the relation between classical and intu-
itionistic interpretations of connectives. All other logical operators are obtained after restricting their
natural proof conditions for intuitionistic logic, but the classical proof conditions for % and & can be read
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directly from their standard introduction and elimination rules. The reason for this seems to be wholly
different in the two cases. The proof conditions for % are extracted directly from the rules because the
rules themselves seem to be essentially classical, in the sense that they already express the restricted proof
conditions we expect to see in classical logic. The fact that the inductive step for % in the completeness
result does not require applications of reductio ad absurdum evidentiates this. This also explains why %
is often viewed as an essentially classical connective usually absent in formulations of intuitionistic linear
logic [27,33]. Interestingly, it is straightforward to present an intuitionistic version of % by writing down
a unrestricted version of the classical semantic clause:

(% Int) n—;’“ ¢ By iff, for all C 2 B, all p € At and all Aag, Oag, if ¢ ||—éAt p and ¥ ll-(gAt p then ||—1;‘“’A’“’(9At D;

(1

|

which is very sensible for a definition of multiplicative disjunction. It is not immediately clear, however,
how those proof conditions would translate into an actual proof system. In fact, even though there are
proof systems for intuitionistic linear logic with % [13], it is generally not easy to define intuitionistic
version of % with desirable properties such as cut elimination [53]. Since an investigation of the properties
of such a definition of % is entirely outside the scope of this paper, this is left for future work.

On the other hand, the classical clause for & is perfectly acceptable from an intuitionistic viewpoint,
which means that intuitionistic and classical logic actually share the proof conditions for &. The claim
that different logics might share proof conditions for connectives figures prominently in the literature on
logical ecumenism [46,48] and was predated by a result of Godel showing that classical and intuitionist
logic coincide w.r.t. derivability in the fragment containing only conjunction and negation [4,21]. Since
such claims are usually formulated in syntactic frameworks, our results add to the arguments to that effect
by showing that this is also reflected on the semantic level.

We conclude this paper by discussing the extension of BeS to full linear logic. It is well known that
incorporating exponential modalities significantly increases the complexity of the semantic analysis of
LL- for example, the categorical interpretation of exponentials has been a longstanding subject of debate
(see [38]).

In the case of BeS, the following semantic clause for the bang modality in intuitionistic linear logic has
been proposed in [9]:

Int) 1 iff, for all C 2 B, all p € At and all A, if for all D 2 C, % ¢ implies " p, then ™ p;
Intuitively, this clause asserts that !¢ is valid relative to the multiset I'a; if and only if anything derivable
from ¢ without consuming any resources is also valid relative to ['a;. This goes well along with the intended
meaning of !, specially when read from its introduction rule/promotion in natural deduction/sequent
calculus.

Given the structural constraints of our semantics, it is natural to expect that, in the classical setting,
the corresponding clause for the bang modality should take the following form:

) K 2lg iff, for all C 2 B and all Apy, if for all D 2 C, K2 ¢ implies K52 L, then 1A 1
B D D C
As for the dual exponential ?, we conjecture that the following clause provides a sound interpretation:
(7) Fi?¢ iff, for all C 2 B and all Ay, if for all D 2 C, Ky ¢ implies K L, then KA 1,

The idea is to match the elimination clause for 7, in which if anything derivable from ¢ without consuming
any extra resources is also valid relative to I'at.

Exploring whether these clauses indeed yield sound interpretations of ! and ? in full classical linear
logic LL is an interesting direction for future work, which we intend to pursue next.
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