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Abstract

Causality serves as an abstract notion of time for concurrent systems. A computation is causal, or simply valid, if each
observation of a computation event is preceded by the observation of its causes. The present work establishes that this simple
requirement is equally relevant when the occurrence of an event is invertible. We propose a conservative extension of causal
models for concurrency that accommodates reversible computations. We first model reversible computations using a symmetric
residuation operation in the general model of configuration structures. We show that stable configuration structures, which
correspond to prime algebraic domains, remain stable under the action of this residuation. We then derive a semantics of
reversible computations for prime event structures, which is shown to coincide with a switch operation that dualizes conflict
and causality.
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1 Introduction

In physics, the concept of time being “reversible” stems from the fact that many fundamental physical laws
are symmetric with respect to time. This means that the equations governing certain physical processes
remain unchanged whether time moves forward or backward. For example, applying Newton’s laws of
motion to a celestial body does not reveal whether the body is moving forward or backward in time, as
the equations validate the trajectory in both directions. The present work explores this intriguing idea in
the context of models of concurrent systems, where time is abstracted to a weaker notion of causality or
precedence. Specifically, it answers positively the following question: Are standard models of concurrent
systems also models of reversible ones?

This is not a rhetorical question, as unlike time in physics, computations can, in practice, be reversed.
Reversible computations have been studied in a variety of contexts [40], such as minimising entropy [10,39,1],
resolving deadlocked transactions [36,14|, and designing abstract machines and software capable of debugging
concurrent execution traces [26,23]. With these objectives, abstract language models for reversible computing
have been developed using process algebraic frameworks [13,21,33,11,19,2] or P/T nets [15,6,27].
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2-2 Reversible computations are computations

This paper proposes to study such reversible calculi from a denotational perspective, e.g., focusing on
relating computation events rather than producing them.

Providing a denotational semantics of reversible concurrent programs has been studied over the last 10
years, in a line of research that considers backward events as first class citizens. It follows that the causal
structure of computations induced by backward events is modeled by specific relations, such as reverse
causality [35,41,27].

In this work, we aim to determine whether the concept of reversible computations necessitates disrupting
the state-of-the art models of concurrency or can instead be seamlessly integrated. To achieve this, we
examine event structure semantics for concurrent systems within the same framework established by Winskel
and others since the 1980s [9,31,44].

We base the present work on a simple and general model of concurrent systems called configuration
structures, where a process is denoted by the configurations (the collection of observable events) it can
produce. This approach, which expresses the combination of observations that are allowed or disallowed as
a partial order of configurations, was foundational to Winskel’s pioneering work and has been extensively
studied in subsequent research [5,42,43].

After introducing configuration structures and their semantics (Section 2), we show that reversible
computations can be understood as a (partial) group action, which we call symmetric residuation, of
configuration structures on themselves (Section 3). This generalizes the notion of residuals, a standard
method of retrieving a transition system from a denotational model [8,9], while remaining purely within
the simple partial order theory. Configuration structures, in their full generality, can model concurrent
systems with arbitrary causal and conflict structures. While these structures may not always correspond to
the computation of a traditional algebraic program like the calculus of communicating systems (CCS [29]),
a well-known property of these structures is that those satisfying certain stability axioms correspond
to prime algebraic domains. These domains provide a semantics for CCS-like calculi via prime event
structures [44]. The first main result of this paper is to show that stable configuration structures
remain stable under symmetric residuation (Theorem 5.8), which is a guarantee that symmetric
residuation produces configuration structures that are also prime event structures. On these premises,
the second main contribution of this paper (Theorem 8.3) is to show that transporting symmetric
residuation to (prime) event structures corresponds to a switch operation on the graph that
represents the causality and conflict relation. The term switch is intended to draw a connection with a class
of well-known graph isomorphisms called Seidel switches [37] which is discussed in conclusion (Section 10).

Importantly, we show that the backward or forward orientation of an event exists only relatively to a
given past state: like in our example of the celestial body in motion, our approach yields a causal semantics
for reversible computation in which the notion of “backward moves” only appears when configuration
structures are equipped with a distinguished configuration that we call referential (Definition 4.1). We show
that these pointed configuration structures correspond to a form of polarized event structures,
where negative events come and go under the action of our switching operation (Theorem 9.2), providing an
adequate model for the explicit orientation of reversible process calculi.

2 Configuration structures

We recall the definition of general configuration structures as presented for instance in [43, Definition 1.1].

Definition 2.1 A configuration structure is a pair C = (E, X) where F is a countable set of computation
events (ranged over by lower case letters a through f) and X C P(FE) is a set of configurations (ranged over
by lower case letters x, y and z). A configuration structure is rooted when () € X.

For such configurations, we use the direct notation € C when z € X. In the remainder of the paper
we only consider rooted configurations, and use Cg to denote the set of configuration structures over E.
Configurations can be partially ordered by set inclusion. Thus, for a given configuration structure
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C = (FE,X) and for any Y C X, we can use the standard order theoretic notations:

Y ={zeC|IyeY xzCy}
1Y ={zeC|IyeY yCa}

We also write z = |_|(C Y whenever Y has a least upper bound x € C. Similarly =[] Y denotes the
greatest lower bound of Y when it exists in C. Lastly, for any two configurations x,y € C, we write x —~¢c y
whenever |_|C{x,y} exists and say that x and y are compatible in C. Two configuration structures are

equivalent if there exists a bijection on events that preserves inclusion of configurations and that equates
them.

Example 2.2 We give below three examples of configuration structures of Cy, .}, where an arrow denotes

inclusion. Notice that {a} ~¢, {b}, {b} ~c, {¢} and {a} ~¢, {c} but | |“°{a,b, ¢} is not defined, which
models a ternary conflict where at most two events can trigger. Conﬁguratlon C; models a form of
disjunctive causality: the event ¢ can be observed provided event a or event b (or both) appeared first.
Lastly, configuration Co models the fact that events a and b are not compatible unless ¢ is triggered.

{a,b,c} {a,b,c}

{a,0} {0} (3.} {}/T\{} {}/ \{}
a,b a,c b,c a,c a b,c a,c b,c
1 >} T/{’b}r\T ANSRC |

fo} @} e {a} o} {a} {%‘} o}
0 0 0
Configuration structures can be equipped with an operation of residuation [8|, which describes which
configurations remain reachable once a set of events has been triggered.

Definition 2.3 Let C € Cg. For all finite x € C, we define the residual of C after z:

z-C= (B {zeP(E)|3yectHe}:z=1\a})
where y\z :={a € y | a € x} is the classical set difference.

Since (P(F),U) is a commutative monoid, residuation can be understood as the action of a (partial)
monoid on itself:

Proposition 2.4 (Monoid action) The operator () : By (E) x Cg — Cg is a monoid action on configu-
ration structures, t.e.,:

 for all configurations x, y, ify € C andx € y-C, thenz - (y - C) = (zUy) - C.
e )-C=C.

Proof. Each configuration z € z - (y - C) is of the form z = (2'\y)\z = 2/\(z U y) for some 2’ € C. So
z €z (y-C) is equivalent to z € (xUy) - C. The fact that () C = C is a direct consequence of the definition
of the residuation operation. a

Example 2.5 We give below the residuals of the configurations of Example 2.2 after {b}. Notice that each
configuration residual can still trigger the events a and ¢, but they are incompatible in {b} - Cy, independent
in {b} - C; and sequential in {b} - Cs.
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{a,c} {a,c}
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{a} {c} {ay 1o {e}
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1] ] ]
{o}-Co {o}-Cy {o}-Co

For a Configuration structure C := (E, X), consider R(C) := {C' € Cg | 3x € C : C' = z - C} the
reachable residuals of C. Given an initial configuration structure Cy, one can build the labelled transition
system T = (Cgy,—,R(Cp)) where -C R(Cy) x P(E) x R(Cy) is the transition relation defined as
C —, C' if and only if C' = x - C. This models program states as configuration structures Co,Cy,... and
computations as sequences of transition between them. Notice that since — is engendered by a monoid
action, the transition relation is closed by composition (see Proposition 2.4). It is also equipped with causal
and conflict informations (which is sometimes called a truly concurrent semantics) since the transitions
C —; C" and C —, C” are concurrent if z ~¢ y and conflicting otherwise.

3 Symmetric residuation

3.1 Building up intuitions

To model reversible computation we wish to keep interpreting program states as regular configurations
structures: sets of events ordered by inclusion. It would be tempting to consider introducing negative
events as first class citizens, but this would force one to consider configurations modulo some equivalence
{a,a”} ~ ), which would entail unnecessary complications as set union is no longer associative under this
equivalence (think of ({a} U{a})U{a"} and {a} U ({a} U {a"})).

The alternative is to work with a different residuation operation which yields a group action instead of a
monoid one. To illustrate this, consider a system that can perform a or b, but not both, and then terminates.
This is modeled by the configuration structure C = ({a, b}, {0, {a}, {b},{a,b}}). Classical residuation yields
C —{ay ({a,b},{0}), as the event b is no longer visible in the future of a - C. Making this computations
reversible requires a memory or special markers [19] in order to keep track of past events. Following this
intuition, we will introduce a reversible residuation operator, which takes care of producing the "memory"
of having consumed a and produce transitions of the form:

<{av b}7 {(Dv {a}7 {b}v {av b}}> —{a} <{av b}? {@, {Q}v {Qv b}}>

whose target state reads as "one can trigger event a (from the memory), and then one can trigger b".
We will see that this transition can be derived using a symmetric version of the classical residuation,
which uses symmetric set difference instead of set difference (Definition 3.1), but before diving into formal
definitions, we can make a few more comments on the configuration structure ({a,b}, {0, {a}, {a,b}}). First,
the underlined events are pure annotations, in order to keep track of the fact that the configuration {a}
contains a past event. As all occurrences of a are underlined, there is no possible clash between a "forward"
a and a "backward" one. This annotation must be understood in a similar way as tracking a redex in
the A-calculus: useful for proving convergence, but having no impact on the semantics (see for instance
Ref [38], Section 2.4). A consequence is that symmetric residuation on configuration structures will have a
constant support: in our example E = {a,b} throughout computations, although underlined events will
vary. Another important aspect is that symmetric residuation is conservative: erasing configurations with
an underlined component corresponds to performing classical residuation. Lastly, we will see that symmetric
residuation is a group action on configuration structure, with events being their own inverse. In our example,
we will have:

({a, b}, {0, {a}, {b}.{a,b}}) =0y ({a, b}, {0, {a},{a,;b}}) —(ay ({a,b}, {0, {a}, {b},{a,b}})
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which comes back to the initial structure.

3.2 Formally

In order to make these intuitions formal, we first introduce an operation of symmetric residuation, a
generalization of the residuation of Definition 2.3, which takes care of producing the causal structure of
reversible computations. We introduce explicit backward (the underlined events of our example in the
previous section) and forward events in Section 4.

Recall that A, the symmetric set difference, is defined as z A y == (x Uy)\(z Ny).

Property 1 Any power set equipped with the symmetric difference forms an abelian group.

In particular (P(E), A) has an abelian group structure, where every event is its own inverse. Its action
on configuration structures generates orbits that provide the mathematical foundations on which we will
model reversible computations.

Definition 3.1 Let C € Cg. For all finite x € C, we define the symmetric residual of C after x:

rOC=(E,{2€P(E)|JyeC:z=yAzx}).

Proposition 3.2 (Group action) The operator (®) : B (E£)xCg — Cg is a group action on configuration
structures, 1.e.:

 for all finite configurations x, y, if t € C andy € x © C, thenx © (y © C) = (z A y) ® C.

s foC=C.
Proof. We need to show that = A y is a configuration of C. If z ® (y ® C) is defined, then y is a
configuration of C and zx is a configuration of y ® C. Now all configurations of ¥y ® C must be of the form
y A z for some configuration z of C. Therefore z =y A zand thus, z Ay=(yAz)Ay=2zA0yAy) ==z

using Proposition 1. It entails that x A y is indeed a configuration of C.
The fact that ) © C = C is a consequence of () being the neutral element for the group (P(E),A). O

Notice that symmetric residuation x © C acts uniformly on all the configurations of C. This is in
contrast with the classical residuation x - C (Definition 2.3), which discards configurations of C that are not
above x. Yet both symmetric and classical residuations coincide on configurations above z.

Proposition 3.3 (Conservative extension) Let C € Cg. For all finite x € C, if z € x - C then
zex©C.

Proof. Each configuration z in z - C is such that 3y, x C y and z = y\z. Since z C y, y\z = (yUz)\(zNy) =
x Ayand hence z=axAyecxeC. O

Definition 3.4 The orbit Orb(C) of a configuration structure C € Cg is defined as:
Orb(C) == {C' € Cp | C' = 2 ® C for some finite z € C}.

The associated equivalence relation ~g C Cp x Cp is: C ~g C' if and only if C" € Orb(C).

Example 3.5 The configuration structures of Example 2.2 are equivalent by symmetric residuation, i.e.,
Co ~o C1 ~p Cy, as pictured in Figure 1, with e.g., ©qy 1 y = {a} A y.

Symmetric residuation does not act freely on configuration structures, i.e., not all the group fixed points
are trivial. Note, for instance, that the configuration structure (E,P(F)) is invariant under the action of ®.

Example 3.6 The configuration structure C below remains invariant after symmetric residuation by {b}
(greyed out). Dashed arrows denote the function Oy 1y + {b} A y.
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4 Pointed configuration structures

Symmetric residuation yields the bare causal structure of reversible computations which is “direction
insensible” in the sense that there is no way to tell whether an event is backward or forward in a computation.
As a consequence, residuation by configurations that are neither enabling nor preventing any event from
occurring are fixed points. This is, for instance, the case of configuration {b} in Example 3.6.

Classical semantics of reversible computations distinguish backward and forward events [18] or transi-
tions [28]. In operational semantics in particular, it may be desirable to observe the direction of a transition
to prioritize “forward” executions, so that backtracking occurs only when necessary [20]. Debugging concur-
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Fig. 2. Symmetric residuation applied to a pointed configuration structure. The negative signs label the events (here b) that
belong to the referential configuration.

rent executions also has a natural orientation, where backtracking is possible only during trace analysis [23].
Bisimulations for reversible concurrent processes usually require matching forward and backward transitions
with transitions of the same direction [16,30,34,3,24,4].

To comply with these semantics, we show here how symmetric residuation yields a natural notion of
negative and positive configurations. Notice that adding a notion of direction of computation does not
change the semantics we introduced so far, but rather annotates it with additional information. We do this
by introducing pointed configuration structures, which are just plain configuration structures equipped with
a distinguished configuration—called its referential-that points to the past. A similar idea was used to draw
an operational correspondence between trajectories in a configuration structure and a reversible operator
algebra using labels [3].

Definition 4.1 A pointed configuration structure C[z'] is a pair (C, ') where C is a configuration structure
and z! € C is a finite configuration, which we call its referential. A pointed configuration structure is initial
when zf = (.

In the following, we simply write (C[acT] eCpifCeCg.
Definition 4.2 Let C[zf] € C. For all finite y € C, we define y ® C[zf] := (y ® C)[y A 2T].

Symmetric residuation acts freely on pointed configuration structures, i.e., the orbit of a pointed
configuration structure has as many elements as the structure has configurations.

Proposition 4.3 (Free action) Let C[z'] € Cp. For all finite y,z € C, y ® C[z'] = 2 ® C[zT] if and only
ify=z.

Proof. The only if direction is trivial. For the if part, it suffices to remark that the referential in y ® C[z']
must be equal to the referential in z ® C[z] and thus, y A ' = 2z A zf. Since @, : y — 2 A y is injective
we can conclude that y = z. a

Definition 4.4 Let C[z!] € Cp. For all a € E, say that a is negative in C[z'] when a € 2T, Tt is positive in
Clz'] otherwise. A configuration is backward (vesp. forward) if all its events are negative (resp. forward).

Observe that referentials are finite configurations, and thus only finite configurations may be purely
backwards. This echoes the well-foundedness axiom [25, Definition 3.1] requiring reversible systems to have
a finite past.

Example 4.5 Once equipped with a referential, the configuration structure of Example 3.6 is no longer a
fixed point, as illustrated in Figure 2, where negative signs denote negative events.

The referential of a pointed configuration structure provides a path back to its origin, which can be
retrieved by performing the residuation 2 ® C[z!]. In addition, Proposition 4.3 guarantees that this is the
only way to go back to the initial structure.
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Fig. 3. An event structure and the set of its admissible configurations, forming a configuration structure.

5 Stable orbits and prime event structures

Configuration structures are extensional models for concurrency, which means that the partial order of
configurations is a priori not reducible to relations on events themselves. For instance, in Example 2.2, the
fact that {a,b} #¢, {a,c} is not a consequence of event b being in conflict with event ¢ since {b, ¢} is indeed
a reachable configuration of Cy. Prime event structures, which we introduce now, are models of concurrent
systems whose set of admissible configurations is precisely engendered by a causality and a conflict relation
on events. In particular, algebraic process calculi in the style of CCS [29], which are commonly used to
model concurrent programs, can be interpreted as prime event structures [44,31,9,43|.

Definition 5.1 A (prime) event structure is a tuple E = (F, <,#) where < C E X E is a partial order
(e.g., transitive, anti-symmetric and reflexive) called the causality relation and # C E x E an irreflexive
symmetric conflict relation satisfying:

eHe < =e# (Principle of conflict heredity)

The configurations of E, written Conf(E), are the subsets of E that are conflict-free and downward closed
for the causality relation. Two prime event structures (E, <,#) and (E’, <, #) are isomorphic if there is a
bijection ¢ : F — E’ that preserves causality and conflict, i.e., e < €’ if and only if ¢(e) <’ ¢(¢/) and e # €'
if and only if ¢(e) # ¢(€).

A well-known result by Winskel [44] is that the configurations of a prime event structure coincide with
stable configuration structures.

Definition 5.2 Let C € Cg be a configuration structure. Say that C is stable if it is:

Rooted: () € C

Connected: forallz € C,z #0=Jacx:2\{a} €C

Closed under bounded union: for all x,y,2 € C, 22Uy Cz=a2UyeC
Closed under intersection: for all z,y € C, z Ny € C

Coherent: for all z,y, z € C, if there exists 2/, 2”,2"” € C such that s Uy C 2/, y Uz C 2” and x Uz C 2",
then x Uy U z € C.

For instance, in Example 2.2, none of the configurations are stable: Cy is missing {a, b, ¢} to be coherent,
C; is missing {c} to be closed under intersection, and Cs is missing {a, b} to be closed under bounded union.
As a consequence there are no prime event structures whose set of configurations is isomorphic to any of
these structures, as indicated by the following theorem:

Theorem 5.3 (Winskel [44]) Let E = (E, <,#) be a prime event structure. The configuration structure
C(E) .= (E, Conf(E)) is stable (see an illustration in Figure 3).

In the following, we let Sg C Cgr denote stable configuration structures over E. Stable configuration
structures are, in fact, concrete representations of prime algebraic domains, which we now introduce and
which play an important role in connecting sets of configurations to event structures.
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Definition 5.4 Let P = (X,C) be a partial order. A set Y C X is:

Consistent when | |7V exists.

Pairwise consistent if Y # () and all its pairs of distinct elements form a consistent set.
Directed when Y # 0 and | 'Y €Y.

An element x € X is:

Compact if for every directed Y C X such that z C |_|I[J> Y, there exists y € Y such that « C y.

Complete prime if for every pairwise consistent Y C X such that z C |_|PY, there exists y € Y such
that z C y.

Let K(P) C X denote the compact elements of P and Pr(P) C K(P) the (complete) prime elements of P. We
use p,q, ... instead of x,y,... to highlight prime elements. Let |z]p := |p{z} N Pr(P) denote the complete
prime elements that are below z in P.

Definition 5.5 Let P = (X, C) be a partial order. It is:

Finitary whenever for all x € K(PP), |p{z} is finite.

Coherent whenever for all pairwise consistent set Y C X, |_|]PY exists.

Prime algebraic if for all z € P, z = | |"|z]p.

We call (prime algebraic) domains, the partial orders that are finitary, coherent and prime algebraic.

Theorem 5.6 (Winskel [44]) If a configuration structure C = (E,X) is stable then P = (X,C) is a
domain of configurations.

Theorem 5.7 (Winskel [44]) Let C € Sg. Then E(C) := (Pr(C), <,#)where p < q if p C q and p # q if
p7AC q s a prime event structure.

A fundamental result is that combining the functors C and E of Theorems 5.3 and 5.7 actually defines an
adjunction, which is also an equivalence between stable configurations and prime event structures [44]: for
all stable C and all prime event structure E: C(E(C)) ~ C and E(C(E)) ~ E. We can utilize this equivalence
to transport symmetric residuation to prime event structures, but in order to do this, we must first verify
that symmetric residuation preserves stability, i.e., the properties of Definition 5.2. Observe that the orbit
presented in Example 3.5 does not preserve prime algebraicity since the topmost configuration structure is
prime algebraic (but not coherent), when the other elements of the orbit are not.

Theorem 5.8 (Stable orbits) The group action ® preserves stability, and is therefore a group action on
stable configuration structures.

This property serves as a cornerstone result, enabling the definition of an event-structure semantics
for reversible computations. This result, combined with the adjunction that makes prime event structures
equivalent to stable configuration structures, allows one to conclude that symmetric residuation operates on
prime event structures as well. Section 7 is devoted to tracking the effect of symmetric residuation on prime
elements. In the meantime, we show that Winskel’s construction on pointed stable configuration structures
yields prime event structures that are equipped with a polarity map attributing a sign to events.

6 Polarized event structures

The construction of Theorem 5.7 maps configuration structures to prime event structures using their
complete prime elements. We extend this construction to build polarized event structures out of pointed
configuration structures. Polarized event structures are just plain prime event structures, in which events
have a sign which characterizes whether they have a forward or backward contribution to the configurations.

Definition 6.1 A polarized event structure E[r] is a pair (E, ) where E = (E, <, #) is an event structure
and 7 : E — {—1,1}, the polarity of E[r], satisfies Neg(E[r]) .= {e € E | w(e) < 0} € Conf(E). Two
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polarized event structures E[n] and E'[7'] are isomorphic if E and E’ are isomorphic, and the induced
bijection ¢ : E — E’ satisfies w(e) = 7’'(¢(e)).

That Neg(E[r]) is a configuration of E[r] guarantees that past events have indeed been produced by a
forward computation, a standard requirement in reversible semantics [25, Definition 3.1].

Proposition 6.2 Let Clz'] be a pointed stable configuration structure and define E(C[z1]) := E(C)[m ]

where for all p € Pr(C), mq+(p) <0 if p C 2f and 7, (p) > 0 otherwise. Then E(Clz']) is a polarized event
structure.

Proof. Suffices to show that N := Neg(E(C)[n,:]) is a configuration of E(C). We have N = {p € Pr(C) |

p C zT}. Thus all the events of N have an upper bound in C and are therefore not in conflict. IV is also
downwards <-closed by construction and is therefore a configuration of E(C). O

7 Mapping prime elements through symmetric residuation

Symmetric residuation describes how a new configuration structure x @ C is obtained from a configuration
structure C, and can take the form of a map ®, : C — 2 ® C where, for all y € C, ®,(y) =z A y (see an
illustration on Example 3.6). However, this does not map prime elements of its source to prime elements of
its targets, take for instance ©g)({a}) = {a, b} in Example 3.6. This would lead to a complex definition of
the action of symmetric residuation on prime event structures, where events would be erased and created
during computations.

For all stable configuration structure C and all finite configuration z € C, we establish now the existence
of a bijective map o, : Pr(C) — Pr(z ® C) (Definition 7.6) which allows us to show that prime elements are
indeed preserved by symmetric residuation, although their causal relationship is transformed (Theorem 7.9).
We first need to state some useful properties of prime elements in stable configuration structures.

In prime algebraic partial orders, complete primes have a notoriously simpler characterization in terms
of the unicity of their immediate predecessor (see Baldan et al. |5, Lemma 13]).

Proposition 7.1 (Unique predecessor) Given a prime algebraic partial order P, an element x € P is a
complete prime if and only if it has a unique immediate predecessor, i.e., there exists y € P such that

predp(z) == mazp(lp{z}\{z}) = {y}

Proof. Suppose by contradiction that p € P is prime but that it has two different immediate predecessors
y and y' € P. Then, p C | {y,y'} and yet there is no z € {y,y'} such that p C z, contradicting the prime
completeness of p.

Conversely, suppose y € X has a unique immediate predecessor y'. Since P is prime algebraic we have
y = | |¥|y|p. By contradiction, suppose that y & Pr(P), we would have | [*|y|p = | |*|¢/|p = &/. This would
contradict 4’ C y and therefore y must be a complete prime. a

Definition 7.2 Let C € Sg be stable configuration structure and p € Pr(C). We define the derivative of p
in C as 6¢(p) := a whenever p\predc(p) = {a}.

Proposition 7.3 (Event introduction) Let C € Sg. For alla € E and xz € C, a € x if only if there
exists p € Pr(C) such that dc(p) = a and p C x. We say that p introduces a in C.

Proof. The only if part is trivial since d¢(p) implies a € p and together with p C z it implies a € . For

the other part, let € C such that a € z. Since C is prime algebraic, x = |_|(C | ] which is also the union
of all prime elements below x (by stability of C). This implies that the set P, .= {p € |z]c | a € p} is not
empty. Take the minimal elements min(P,) of P, and suppose, by contradiction that it is not a singleton.
We would have p € min(P,) and ¢ € min(P,) with a € pNq =: y and p # ¢q. Now y is a configuration
of C (by stability) which is either prime and contains a or has prime containing a below it. This would
contradict the minimality of min(P,). Let min(P,) = {p}. By Proposition 7.1, p has a single immediate
predecessor z such that a ¢ z and d¢(p) = a. O
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Proposition 7.4 (Unicity of event introducer) Let C € Sg. For all a € E such that a € x for some
x € C, there is a unique p € Pr(C) that introduces a.

Proof. This is a consequence of C being closed under intersection: by contradiction, suppose there are two
prime elements p and ¢ that introduce a. We would have a € pN ¢ and p N g C p, which would contradict

a & predc(p) (since p\predc(p) = {a}). -

Corollary 7.5 (to Proposition 7.4) Let C € Sg. For all finite x € C and p € Pr(C), there is a unique
q € Pr(x ® C) such that dc(p) = dz0c(q).

Proof. Using the fact that symmetric residuation does not introduce nor remove events and preserves
stability (Theorem 5.8). O

Thanks to the above corollary, we can associate prime elements of C to prime elements of the symmetric
residual of C after a finite configuration:

Definition 7.6 Let C € Sg. For all finite x € C, define the (symmetric) residuation map oy : Pr(C) —
Pr(x ® C) as 04(p) = ¢ if and only if d¢c(p) = dz0c(q).

Example 7.7 Dashed arrows denote the residuation map oy, ) : Pr(C) — Pr({b,c} ® C).

{b, ¢, d} i\\___\ {a,b,c}
2
{a,b} {b c} b {a c} > {bc}
7 / A
{a} {b} -3 {d} {C}

N -4~ T N

0 0

C {b,c} ©C

Definition 7.8 We write x Lp y when two elements x,y € P are orthogonal, i.e., compatible and incompa-
rable: if z ~pyand z € y, y € x.

We can now characterize algebraically the effect of symmetric residuation on prime elements.

Theorem 7.9 (Effects of residuation on causal structure) Let C € Sg. For all finite x € C, let
oy : Pr(C) — Pr(x ® C) be the residuation map of Definition 7.6. For all distinct p,q € Pr(C), the following
holds:

Ifp Lc q then 0x(p) Leoc 02(q) (1)
If p C q then qCz = 02(q) Coa(p) (2)
If p C q then pLrxANqgLr = ox(p) C 0:(q) (3)
If p C q then pCrANgLr = 0:(p) Fuoc 02(q) (4)
If p7c q then pCx = 0.(p) C0:(q) (5)
If p7c q then pZaxNqgZz = 04(p) Fwec 0x(q) (6)

Notice that for all p',q' € Pr(C) exactly one of the above premise holds with either p = p' and ¢ = ¢ or
/ /
p=q andq=7p'.

Example 7.10 We illustrate (5) below, taking p = {a}, ¢ = {b,d} and = = {a, c}, and representing the
action of oy, .y on {a} and {b,d} with dashed lines:
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-~ =--{a,b,c,d}

// 1\
{av C} {bv d} {a, b, C}

T {a,b} T (b} -
/N S~ e
{a} {b} e

N S T
\ 0 0

~ -

{a,c}

C {a,c} ®C

We have {a} /¢ {b,d}, {a} C {a,c} and indeed, 0, ({a}) = {c} C 04 ({b,d}) = {a,b,c,d}.

Proof. In the following we use the notation = : a for a € z, z : b for b ¢ = and use concatenations like
x : ab, for conjunction of these properties. Suppose p introduces a and ¢ introduces b in C. We verify (1) —
(6) by case analysis.

(1) We must check that p L¢ ¢ implies 0,(p) Lzoc 02(q). Since p Lc g by hypothesis, we have p : ab
and ¢ : ab, otherwise by Proposition 7.3 we would have either p C ¢q or ¢ C p and they would not be
orthogonal. We have three sub-cases to consider.

(1).1 Suppose z : ab. By Proposition 7.3 we have p C z and ¢ C x. It entails that p A = = z\p and
q A x = z\q are configurations of x ® C. Since p : ab, and z : ab, we have x\p : ab. By the same
reasoning we have z\q : ab. Now, z\p and z\q are below x and incomparable. Since x\p : b we
have 0;(q) C z\p (by Proposition 7.3) and o,(p) C z\g by the same argument. It follows that
02(p) Laoc 02(q). -

(1).2 Suppose z : ab (the argument for x : ab is symmetrical). We have p Nz € C (by stability of C)
and pUgq € C (since p L¢ q). It entails that z A (pNa)=z\pezx @ Cand z A (pUq) €z © C.
Now z : ab and p : ab implies x\p : ab. Also, pUgq : ab implies z A (pUq) : ab. It entails that
02(q) C z\p and o,(p) Cz A (pUq) (by Proposition 7.3). Additionally z : ab and p : ab implies
x A p:aband is a configuration of z ® C. It follows that 0,(p) C = A p and 0,(q) C = A p, so they
are compatible. We prove they are incomparable by contradiction. Suppose o,(p) C 0,(q). This
would entail o,(p) C x\p which would contradict z\p : @ (by Proposition 7.3). Still by contraction
suppose 04(q) C 04(p). This would entail o,(q) C x A (pUgq) which would contradict = A (pUq) : b.
We therefore have o,(p) Lzoc 0z(q). -

(1).3 Suppose = : ab. We have z A (pUq) : ab, x A p:aband x A q: ab are all configurations of x ® C.
As a consequence o,(p) C A p, 0a(q) C 2 A 4, 05(p) C 7 & (pUgq) amd o,(q) C 2 & (pUq)
Therefore o, (p) and 0,(q) are compatible. We prove they are incomparable by contradiction.
Suppose 0,(p) C 0,(q). It would entail that o,(p) C = A ¢ which would contradict A ¢ : a.
Still by contradiction suppose 0;(q) C 0,(p). This would imply that 0,(¢) € A p which would
contradict A p : b. Therefore o,(p) Lioc 02(q)-

(2) We verify p C g and ¢ C x implies 0,(q) C 0,(p). Combining hypothesis and Proposition 7.3, we have
p:ab, q:aband x:ab. By contradiction, we show that 0,(q) C 0,(p). Suppose not, in which case we
have o,(p) : ab. So we have that = A o,(p) : ab is a configuration of C in which b appears without a.
This violates the fact that ¢ : ab introduces b in C and contains a. Therefore o, (q) C o(p).

(3) We verify p C gand p € xAq Z x implies 0,(p) C 0,(q). Again by contradiction, suppose o,(p) € 0.(q).
We would have 0,(g) : ab and there would be a configuration x A 0,(q) : ab in C, since by hypothesis
x : ab. This would contradict the fact that any configuration containing b must be above ¢ : ab and
hence should also contain a. Therefore o, (p) C 04(q).

(4) We verify p C ¢, p C x and ¢  x implies 0,(p) Azoc 0z(¢). By contradiction, suppose there is a
configuration y € z ® C such that o,(p) C y and 0,(¢) C y. We would have y : ab and there would
be a configuration x A y € C. Now by hypothesis we have x : ab, therefore A y : ab. This would
contradict the hypothesis ¢ : ab and therefore 0,(p) Azoc 02(q)-
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(5) We verify p /Ac ¢ and p C x implies 0,(p) C 0,(¢). By contradiction, suppose that o,(p) Z 0.(q). We
would have 0;(¢q) : ab and = A 0,(q) : ab would be a configuration of C. This would contradict the
hypothesis p /¢ ¢ and therefore o,(p) C 0,(q).

(6) We verify p /Ac ¢ and p € x and ¢  x implies 0, (p) #Azoc 02(q). By contradiction, suppose there is
a configuration y € z ® C such that o,(p) C y and 0,(¢) C y. We would have y : aband x A y : ab
would be a configuration of C. This contradicts the fact that p and ¢ are incompatible. Therefore,

0. (p) Fuoc 04(q). -

8 A switch operation on prime event structures

Now that the effects of symmetric residuation are fully characterized, we proceed with the definition of
symmetric residuation on prime event structures.

Definition 8.1 Let E = (E, <,#) be a prime event structure. For all finite configuration X € Conf(E)
we define X © E := (E, </, #') as:

a<band {a,b}NX =10
a <’ bif and only if { b < a and {a,b} C X a# b if and only if{
a#bandae X

a#band {a,b}Nx=10
a<baecXandb¢g X

where clauses on the right of the curly brackets are taken disjunctively.

Note that the definition above does not imply that X ® E is a prime event structure, as the <’ and #’
might not satisfy the requirements listed in Definition 5.1. Theorem Theorem 8.3 will take care of both by
ensuring that X ® E is indeed a group action on prime event structure, and that it properly reflects the
effect of symmetric residuation of the underlying configuration structure.

Example 8.2 A prime event structure E with its configuration X = {{b}, {b,c}} grayed out, and X © E:

{b,c,d} {b,c,d}
v +*
{b, c} X {b, c}
{a} {o} {a} {o}
E XOoFE

Switching an event structure is relative to a finite configuration X and is reminiscent of the Seidel
switch, a well known graph isomorphism which consists in fixing a set of vertices X and flipping edges
and non-edges between X and its complement in the graph (the other edges remaining invariant) [37]. We
discuss potential interesting connections in the conclusion of this paper.

For all configuration structures C, recall that E(C) is Winskel’s construction, mapping sets of configura-
tions to a prime event structure, via the prime elements (see Theorem 5.7). The following theorem, where
we borrow from Definition 5.4 that for all z € C, |z]¢ = |c{x} N Pr(C), characterizes symmetric residual
as a switch operation on prime event structures.

Theorem 8.3 (Adequacy) Let C € Sg be a stable configuration structure. For all finite x € C, the prime
event structure E(x ® C) is isomorphic to |z|c ® E(C).

Proof. We show that the isomorphism of event structures is given by the bijection o, of Definition 7.6.
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Consider

Eo := E(C) = (Pr(C), <o, #0)
lz]c © Eo = (Pr(C), <1, #1)
Ey =E(x ®C) = (Pr(z ® C), <, #2)

We overload notations and write a L b for two events in (E, <, #) whenever a £ b, b £ a and a # b.
Since o ! is the residuation map of z ® (z ® C) = C the proof is symmetric and we just need to show
pR1q implies o, (p)Ra04(q), for R; € {L;, <i,#i}:

p L1 q implies o,(p) L2 0,(q). We have p 11 q iff p Lo ¢, by definition of the switch operation. Now
p Lo ¢ implies o,(p) Lo 0.(q) by Theorem 7.9 (1).

p <1 ¢ implies 0,(p) <2 0,(¢q). There are three sub-cases according to Definition 8.1:

* p <o qand {p,q} N |z|]c = 0. We have p <¢ ¢ implies p C ¢ by Theorem 5.7. Since C is
prime algebraic, | |o|2]c = « and we have p € x and ¢ € x. By Theorem 7.9 (3), this implies
0x(p) C 0,(q) and hence o, (p) <2 0(q).

* ¢ <o pand {p,q} C |z]c. We have ¢ <o p implies ¢ C p by Theorem 5.7. Since C is prime
algebraic, | |o|#]c = « and we have p C x and ¢ C . By Theorem 7.9 (2), we have o,(p) C 0.(q)
which entails 0, (p) <2 05(q) by definition of <3 (see Theorem 5.7).

* p#0qand p € |x]c. Using a similar argument as above, we deduce p C z. Additionally since
P 7E, ¢, we can deduce ¢ € x, otherwise z would be a bound for p and q. We can apply
Theorem 7.9 (5) to obtain o,(p) C 0,(g), and as a consequence o,(p) <2 0,(q).

p #1 q implies o,(p) #2 0.(q). We have two sub-cases according to Definition 8.1:
e p#oqand {p,¢}N|x|c =0. We have p Ac q, p € = and ¢ € x. Applying Theorem 7.9 (6), we

have 0,(p) /zoc 02(q) and thus o, (p) #2 02(q)-
*p<0q p€|x]cand ¢ & |z]c. Wehave p C ¢, p C z and ¢ Z x. By Theorem 7.9 (4), we get

02(p) 7zoc 0x(q). Therefore o,(p) #2 0.(q). O

Example 8.4 We show in Figure 4 an illustration of Theorem 8.3, connecting Examples 7.7 and 8.2.

Corollary 8.5 (To Theorem 8.3) Let C € Sg be a stable configuration structure. For all finite x € C,
|z]c ® E(C) is a prime event structure.

9 A switch operation on polarized event structure

The switch operation on a configuration X reverses causality within X and interchanges conflict and
causality at its boundary (see Definition 8.1). Starting from pointed configuration structures, we derived a
polarized event structure (Definition 6.1), where events are classified as either positive or negative based on
their orientation relative to a given computational past. We now demonstrate that switching a polarized
event structure on a configuration X also reverses the signs of the events within X: consuming positive
events results in negative ones, while backtracking on negative events restores their positive counterparts.

Definition 9.1 Let E[rn] be a polarized event structure. We define its switching as: X @ E[r] := (X © E)[#]
where for all e € F,

7' (e) = {_W(e) ifee X

m(e)  otherwise.

Similarly to the switch operation on prime event structures, the above operation does not guarantee to
produce a polarized event structure, as the negative elements of X ® E[r| could fail to be downward closed
for the causality relation, or exhibit conflict. The theorem below proves that it is not the case.

Theorem 9.2 (Polarity switch) Let C[yf] € Sg be a stable pointed configuration structure. For all finite
x € C, the polarized event structure |x|c ® E(C[yT]) is isomorphic to E(x ® C[y']).



Aubert, Krivine 2-15

{b,c,d} {a,b,c}
0 s ~
{a,b} {b,c} {a,c} {b,c}
2N ~ 7
{a} {b} {ay {c}
N 0 Ve N % C {d}
C \Q{b,c}/ %
{b,c} ©C :
{b, c:, d} {b, C:v d} {a, c} nﬂ{b, c}
v +* E({b,c} ® C)
{b, c} XI/GX\ {b,c}
o e o /
{a} {v} {a} {o}
E XoFE

Fig. 4. Illustrating the correspondence between symmetric residuation and switch operations, with X = {{b}, {b,c}}.

Proof. Consider:
Eo[mo] = E(Cly']) Eqi[m] = |z]c © Eo[mo] Es[my] = E(z ® Cly'])

To show that [E;[m;] is isomorphic to Eg[me] we must (i) exhibit an isomorphism between E; and Eo and
(ii) show that it is polarity preserving. We already know from Theorem 8.3 that Eq ~,, Eo, so we just need
to verify (ii), i.e., m1(p) = m2(0o4(p)) for all p € Pr(C). According to Definition 9.1, we have two cases:

e If p € |x|¢ then m(p) = —mo(p). By Proposition 6.2, we have two sub-cases to consider:
- Suppose p C y' and hence my(p) < 0 and 71(p) > 0. We must verify m2(0.(p)) > 0. We have
p C xand p C ' implies a € = A y' and therefore o, (p) € = A y' (by Proposition 7.3). Hence,
ma(oz(p)) > 0.
- Suppose p Z y' and hence my(p) > 0 and 71(p) < 0. We must verify m(0,(p)) < 0. We have
p C xand p € y implies a € = A y' and therefore o, (p) C = A 4 (by Proposition 7.3). Hence,
mo(ox(p)) < 0.
e If p & |x|c then m(p) = mo(p). We consider again the two sub-cases of Proposition 6.2:
- Suppose p C y' and hence my(p) < 0 and 71(p) < 0. We must verify m(0,(p)) < 0. We have
p Z x and p C ' implies a € = A y' and therefore o, (p) C = A y' (by Proposition 7.3). Hence,
7'('2(0'3;(]))) <0.
- Suppose p Z y' and hence my(p) > 0 and 71(p) > 0. We must verify m2(0.(p)) > 0. We have
pZ xand p € y implies a € = A y' and therefore o, (p) € = A y' (by Proposition 7.3). Hence,
71'2(0'35(]9)) > 0. O

Corollary 9.3 (To Theorem 9.2) Let C € Sg be a stable configuration structure and y' € C be a
distinguished finite configuration. For all finite x € C, |x|c ® E(C[y']) is a polarized event structure.
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10 Discussion

Reversibility is a fundamental property in concurrent systems with applications ranging from debugging to
quantum computing, yet its integration with traditional operational semantics remains challenging

In the past two decades, significant research has focused on the design and formalization of reversible
concurrent programs [13,33,20,11,23]. This research typically builds upon a classical, non-reversible opera-
tional semantics represented as a transition system, say [P] := (P, P,—), and turns it into a reversible one,
say [Plrev = (P, R, —rev), where P and R are the program states that are reachable from the initial state
P, under the transition relations. Importantly, verifying that [-]re, is sound involves proving (i) that P and
R are essentially the same states, after removing additional decorations or encodings that are required to
make the transition system reversible, and (ii) that backtracking is causally consistent, i.e., that it is not
possible to backtrack on a transition without backtracking first on its consequences. Condition (i) ensures
that the reversible semantics does not create new program states that were not reachable in the forward
only semantics. Verification techniques to ensure (ii) have been narrowed down to requiring that — ey
satisfies the fundamental causal consistency property, which states that all co-initial and co-final sequences

of transitions, i.e., of the form P —%, .- =% Q and P —%, --- 508, Q, can be made equal by permuting
concurrent steps and cancelling out consecutive inverse ones [13,22,252]. Importantly, proofs of causal
consistency are syntax-intensive proofs which require characterizing causality, conflict and independence of
transitions for each formalism whose reversible semantics is being established. We let the reader refer to a
more axiomatic approach to reversibility [25] for a principled way of obtaining this result.

The work presented in this paper proposes approaching reversible computations in a syntax-free manner,
assuming that a concurrent program is denoted by the set of its observable configurations. This makes
practically no assumption on the nature of the underlying process, as configuration structures are just a set
of observations, ordered by inclusion. We then showed that the reversible interpretation of a process can be
made apparent by changing the traditional interpretation of the residuation of a configuration structure
(Definition 2.3) after some events have occurred: instead of erasing those events, we showed that it becomes
possible to observe inverse events using a symmetric residuation operation (Definition 3.1) that is shown to
be a group action of configuration structures on themselves (Proposition 3.2).

In a second step, we strengthened the hypothesis on the causal structure of the underlying concurrent
process by assuming it can be denoted by a prime event structure. As already well-established in the
literature, this corresponds to requiring some stability axioms on its configuration structures (Definition 5.2).
Note that stable denotational semantics for concurrent formalisms does not come for free, as multiple
formalisms are known to naturally yield unstability [7,12,5]. At this point we showed that stable configuration
structures are preserved by symmetric residuation (Theorem 5.8), which guarantees that the symmetric
residual of a configuration structure is also a prime event structure:

Sym. res.
C————z2z06C

i 1

We then showed that one can instantiate the dotted arrow of the above diagram using a switch operation on
prime event structures (Theorem 8.3) which turns causality upside-down amongst events of a configuration,
and flips conflict and causality relation at its boundary.

We believe this work lays a foundation for developing a general theory of reversibility in concurrent
systems, while also opening up new avenues, some of which we discuss now.

First, notice that rewriting a configuration structure C into x ® C is a global operation which transforms
every configuration of C using symmetric set difference, whereas the switch operation is purely local,
since the causality and conflict relations are only modified on pairs of events that appear in x. This
indicates a promising technique to verify causal consistency of a reversible operational semantics: reusing the
informal notations introduced above, one first needs to prove that [P]re, exhibit a stable causal semantics
(its configuration structures are stable), which is a necessary and sufficient condition to establish that
prime event structures can be used to denote computations of P. It then suffices to demonstrate that the
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operational semantics is “switch-like”, i.e., a computation event a : P — ., ) produces the effect of a switch
on the causal and conflict structures of P, which is a predicate on immediate predecessors and successors of
a, and on events that are in conflict with a as well (see Definition 8.1). Requiring the reversible operational
semantics to be stable and switch-like would then be an alternative characterization of being consistent.

Another intriguing perspective comes from the operation of symmetric residuation, that could be studied
as a symmetry on partial order. The definition of the operation x ® C requires a set structure and is
therefore not directly a transformation of partial orders. However we have shown that the operation does
act as a switch on prime event structures, which can be interpreted as particular kinds of 2 sorted directed
graph. With this perspective, the switch introduced in this paper becomes an operation close to a Seidel
switch [37], originally defined as a symmetry on graphs that consists in swapping edges and non edges that
are incident on nodes in a set X, which is the parameter of the switch. We believe the actual relation
between our event structure switch and the Seidel switch is worth investigating as Seidel switches on directed
graphs is known to produce symmetries of partial orders [32] and have potential interpretations in quantum
computing [17], which enjoys reversibility of operations prior to measurements.
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