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Abstract

In systems modelling, a system typically comprises located resources relative to which processes execute. One important use
of logic in informatics is in modelling such systems for the purpose of reasoning (perhaps automated) about their behaviour
and properties. To this end, one requires an interpretation of logical formulae in terms of the resources and states of the
system; such an interpretation is called a resource semantics of the logic. This paper shows how inferentialism — the view
that meaning is given in terms of inferential behaviour — enables a versatile and expressive framework for resource semantics.
Specifically, how inferentialism seamlessly incorporates the assertion-based approach of the logic of Bunched Implications,
foundational in program verification (e.g., as the basis of Separation Logic), and the renowned number-of-uses reading of
Linear Logic. This integration enables reasoning about shared and separated resources in intuitive and familiar ways, as well
as about the composition and interfacing of system components.
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1 Introduction

Within informatics, perhaps the most important systems concept is that of a distributed system [15,60].
From the systems modelling perspective, with a little abstraction, one can think of a distributed system as
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9-2 Inferentialist Resource Semantics

comprising delimited collections of interconnected component systems [35,63,13,14,3,20]. These systems
ultimately comprise locations, at which are situated resources relative to which processes execute, con-
suming, creating, moving, combining, and otherwise manipulating resources as they evolve, so delivering
services.

One primary application of logic in informatics is for representing, understanding, and reasoning about
systems; this determines the field of logical systems modelling. In this context, the ‘modelling’ is used
both in the general and mathematical logical sense. The goal is to utilize logic to represent, analyze, and
simulate systems by interpreting logical structures and relationships in terms of concepts relevant to the
model in question. We discuss several examples below.

In the field of logical systems modelling, substructural logics are useful because of their resource inter-
pretations. The study of such interpretations of logics, especially in the context of systems modelling, is
called resource semantics — see Section 3. Perhaps the most celebrated examples of resource semantics
are the ‘number-of uses’ reading of Linear Logic (LL) [25] and the ‘sharing/separation’ reading of the logic
of Bunched Implications (BI) [37]. While both are applicable to systems modelling, these two readings
work in different ways and are related to different ways of doing the modelling as we discuss presently.

The number-of-uses reading of LL (e.g., [34,26,1,30]) proceeds through LL’s proof theory and is not
reflected in its truth-functional semantics (e.g., [26,2,16]). Heuristically, it concerns the dynamics of the
system: formulae denote processes and resources themselves. It is conveniently illustrated by the (by now
familiar) Vending Machine Model:

Having a chocolate bar is denoted by C, and having one euro by 1€. The formula 1€ — C (using
material implication) is intended to denote ‘1€ buys one chocolate bar’, since (by modus ponens)
1€ together with 1€ — C yield C. However this probably doesn’t model the economy we meant
as it also follows that 1€ — C N C (i.e., ‘1€ buys two chocolate bars’)! The point is that a euro
is a resource that should be consumed in a transaction, yielding only one chocolate bar. We can
model things more carefully using linear implication and the tensor product: from 1€ — C', we infer
1ER1IE -CRC, but not 1€ - CRC.

Observe that we have not given a model in the formal sense of an algebraic structure, but rather have
given a reading of the logical structures and relationships within LL in terms of some concepts pertinent
to vending machines.

In contrast to the number-of-uses reading of LL, the sharing/separation reading of BI (e.g., [37,46,3,48])
proceeds through its (ordered-monoidal/relational) model-theoretic semantics [22]. In this case, one has
models in the general sense represented by models in the algebraic sense; for example, beginning with the
stack-heap model of computer memory and using the sharing interpretation of BI, Ishtiaq and O’Hearn [31]
(following Reynolds [51]) invented the stack-heap model of (usually Boolean) BI on which Separation
Logic [52] rests. The details of this and its efficacy has been discussed by Pym et al. [46,48,19]. Returning
to the Vending Machine Model above:

We use the ordered monoid of the natural numbers (N, <,4,0) to model euros. Suppose chocolate
bar A costs 2€ and chocolate bar B costs 3€: we write 3 = A A B to say that 3€ suffice for both
chocolates in the sense that one could purchase either one; and we write 5 = A x B to denote that
5€ may be split/shared to purchase A and B separately. Note that, in the first example (\), we
use persistence, in the sense that as 2€ suffice for A and 3 > 2, so do 3€.

There are some important facts about the number-of-uses and sharing/separation readings and their
use in systems modelling that need to be emphasised:

— firstly, while both readings are useful, they are individually limited in the context of systems modelling:
sharing/separation expresses the structure of distributed systems and number-of-uses expresses the
dynamics of the resources involved;

— secondly, the two readings operate in completely different paradigms: number-of-uses proceeds from
the proof theory of LL, while sharing/separation proceeds from the model theory of BI.

We propose and discuss the use of a unifying framework for the two resource interpretations given above:
proof-theoretic semantics (P-tS). The semantic paradigm supporting P-tS is inferentialism [7] — the view
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that meaning (or validity) arises from inference. Therefore, as a point of departure for this work, we
adopt an inferentialist view of systems modelling in which the basis for reasoning about a system and its
properties should be based on inferences over the underlying specification of the system. More precisely,
in distributed systems policies are used to determine behaviours. From the inferentialist point of view,
these behaviours can be interpreted as (collectively) giving the meaning of the distributed system [33]. In
this paper, we give an account of such ‘inferential’ models of distributed systems using recent advances in
the proof-theoretic semantics of substructural logics. For example, an implication ¢ — 1 denotes a policy
for an action that moves the system from a state that satisfies policy ¢ to a state that satisfies policy :
instantiated to the Vending Machine Model, policy ¢ is the state of having 1€ and policy v is the state of
having a chocolate bar, our model of the policy should make the exchange of resource linear in the sense
that, having executed it, one no longer has the resource 1€. Details are given in Section 3.

Having given the relevant background in proof-theoretic semantics in Section 2, the main contribution
of the paper begins in Section 3 with a general definition of resource semantics. We explain how the
recent P-tS of LL and of BI, respectively, correspond to their number-of-uses and sharing/separation
interpretations; briefly, they both proceed by a semantic judgment relation called support, I’ Il—g, p. In
Section 3, we give an interpretation of each component of support judgments in the context of systems
modelling: intuitively, I' describes a system policy, & represents an inferential model of a system policy, R
constitutes a collection of available resources, and ¢ signifies an assertion regarding the executed system
according to the policy of I' and % and collection resources R. In Section 4, we offer an illustration
of this interpretation by modelling the departure security infrastructure of an airport and multi-factor
authentication. These examples are intended to be both familiar and evidently generic in that it should
be clear how other examples would map onto them quite naturally. In Section 5, we discuss informally
how our inferentialist resource semantics applies to distributed systems in general.

We include a brief glossary for the various logics discussed in this paper. We have several subsystems
of Linear Logic (LL): intuitionistic LL is abbreviated ILL, ILL without ! is abbreviated IMALL, IMALL
without & ,®,1, L is abbreviated IMLL. The logic of Bunched Implications is abbreviated BI. Finally,
Intuitionistic Propositional Logic is abbreviated IPL.

2 Proof-theoretic Semantics: Base-extension Semantics

In model-theoretic semantics (M-tS), logical consequence is defined in terms of truth in models — un-
derstood as abstract mathematical structures. In the standard reading of Tarski [61,62], a propositional
formula ¢ follows (model-theoretically) from a context I' iff every model of I" is a model of ¢. Therefore,
consequence is understood as the transmission of truth. From this perspective, meaning and validity are
characterized in terms of truth.

Meanwhile, in proof-theoretic semantics (P-tS) [41,42,17,18,64,24], meaning and validity are charac-
terized in terms of proofs — understood as objects denoting collections of acceptable inferences from
accepted premisses — and provability. To emphasize: it is not that one provides a proof system for the
logic, but rather one explicates the meaning of the connectives in terms of proof systems. Indeed, as
Schroeder-Heister [57] observes, since no formal system is fixed (only notions of inference) the relationship
between semantics and provability remains the same as it has always been: soundness and completeness
are desirable features of formal systems. Essentially, proof in P-tS plays the part of truth in M-tS.

The field of P-tS is wide and encompasses several distinct approaches. In this paper, we restrict
attention to base-extension semantics (B-eS), which is a particular approach to P-tS. A B-eS is a char-
acterization of a logic by a judgment relation called support that defines the validity of formulae. It is
inductively defined according to the syntax of the logic. It is analogous to the satisfaction judgment in
M-tS (cf. [32]). Crucially, the base case is given by ‘derivability in a base’, which is regarded as a logic-free
notion of proof; that is, bases are proof systems restricted to atoms. Despite being structurally similar to
M-tS, the subtle differences in the set-up have significant consequences (discussed below).

In this paper, we follow the approach to B-eS by Sandqvist [53,54,55] and Piecha et al. [39,38,40].
While there are other versions than that presented here (cf. [27,58]), they are not directly relevant for
this work. In this section, we present three B-eS on which we base the inferentialist account of resource
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Fig. 1. Base-extension Semantics for IPL

semantics. First, in Section 2.1, we discuss the B-eS of intuitionistic propositional logic (IPL) as this
provides a good background and example of how B-eS works. Second, in Section 2.2, we discuss the B-eS
of (inutitionistic) LL, which arises through modifications on the B-eS of LL by accounting for some notion
of atomic ‘resource’. Finally, in Section 2.3, we discuss the B-eS of BI, which enriches the work on LL
with the more delicate structure of bunches.

2.1 Intuitionistic Propositional Logic

In this section, we introduce the techniques of B-eS through a treatment, due to Sandqvist [55], of IPL.
Fix a (denumerable) set of atomic propositions A. Here (and in the sequel) lower-case Romans denote
atoms and upper-case Romans denote sets (and, later, multisets and bunches) of atoms; lower-case Greeks
denote formulae and upper-case Greeks denote sets (and, later, multisets and bunches) of formulae.

The B-eS for IPL begins by defining atomic rules. An atomic rule is a natural deduction rule of the
following form, in which p, p1, ..., p, are atoms and Pi,...,P, are (possibly empty) sets of atoms:

(1] [Pn]
pr - Dn
p A p R
A base is a set of such atomic rules. We write #,%, ... to denote bases, and @ to denote the empty

base (i.e., the base with no rules). We say ¢ is an extension of A if € is a superset of A, denoted ¢ O A.
Importantly, atomic rules are taken per se and not closed under substitution when creating derivations.

Definition 2.1 (Derivability in a Base) Derivability in a base % is the smallest relation b4 satisfying
the following:

— REF: P,ptgp, for any p € A

— APPy: IfA € B, then Pty p

— APPso: IfR€ % and P, P, b3 p1,..., P, P, bp pn, then P by p.

Derivability in a base (l) is the base case of support in a base (IF4) that gives the B-eS — that is, for
any p € A, Ik p iff = p. The inductive case is given analogously to the definition of satisfaction in M-tS.

Definition 2.2 (Support for IPL) Support is the smallest relation I satisfying the clauses of Figure 1.

Theorem 2.3 (Sandqgvist [56]) T Fipr, ¢ iff T IF .

Soundness — that is, I" Fipr, ¢ implies I' IF ¢ — follows from showing that support admits all the rules
of Gentzen’s NJ [59]. Completeness — that is, I I ¢ implies I' Fipy, ¢ — is more subtle. In this case one
constructs a special base .4 that ‘simulates’ Gentzen’s NJ [59] and uses the clauses of the semantics to
show that support in .4 is indeed equivalent to provability in NJ.

Before concluding this section, there are a couple of important features of the semantics to note:
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Remark 2.4 The clauses for various connectives in a B-eS can be substantially different from their treat-
ments in other semantics. In particular, the B-eS for IPL has the following clauses for disjunction (V):

Fz oV iff Y€ O BVp € A, if ¢lk¢ p and ¢ Ik p, then Ik p

This is one significant consequence of the inferentialist set-up: Piecha et al. [39,38,40] have shown that the
standard meta-level ‘or’ clause — that is, I @ V¢ iff IF 5 ¢ or IF4 ¢ — yields incompleteness. Note that
the clause is closely related to the ‘second-order’ definition of disjunction (see Prawitz [43]) — that is,

U+V=VX((U—-X)—»(V-=X)—>X)

This adumbrates the categorical perspective on B-eS for IPL given by Pym et al. [47,44]

Remark 2.5 The treatment of non-empty context is given by a base-extension,
I'kg e iff VZ DA, if kg T, then Iy ¢

While prima facie this use of base-extension appears to be related to pre-order in the M-tS of IPL (cf. [32]),
that remains to be determined (though see [27,58]).

This brief introduction suffices to highlight some important features of B-eS. The remainder will now
give the detail in the context of substructural logic.

2.2 Linear Logic

The challenges and motivations involved in producing a B-eS for a substructural logic are discussed in
detail by the authors [23,28]. In this section, we present the treatment of LL provided by the authors [23]
(with the additives given by Buzoku [11,10]).

It is instructive to begin with the semantics for IMLL. This simplifies the problem to the following: How
does one make support for IPL linear? Looking at (Inf) in Figure 1, we expect that ¢ being supported in a
base A relative to some multiset of formulas I' means that the ‘resources’ garnered by I suffice to produce
. We express this by enriching the notion of support with multisets of resources P and U combined with
multiset union — denoted , — as follows:

LIS, ¢ iff for any 27 O % and any U, if 5. T, then ”_%U »

where
IFU,T1,T2 iff there are Uy and Uy such that U = (U1, Us), IF! Ty, and IF2 Ty

The ‘resource’ reading here is indeed inspired by the number-of-uses reading of LL. In this way, this paper
presents a semantics of ILL in which this celebrated reading is, by design, present.

We now continue to give the technical details of semantics. Again, fix a (denumerable) set of atoms
A. Recall that we use lower-case Roman letters p,... to denote elements of A, upper-case Roman letters
P,Q,S,U,V ... to denote (finite) multisets of elements of A, lower-case Greek letters ¢, 1), x, ... to denote
formulae, and upper-case Greek letters I', A, ... to denote (finite) multisets of formulae. More generally,
for a set X, we write M(X) to denote the set of (finite) multisets of elements of X; we use , to denote
multiset union, and @ to denote the empty multiset.

For ILL, atomic rules are taken in the format used by Bierman [6] and Negri [36]; that is, rules have
premisses with (possibly empty) multiset of hypothesises that are divided into sets,

{[Pf”] [PM} {[Pf’“)] [P,E’,:H}
. P D ST

p p
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&

-5 1 iff V2 2 B,VU,¥peA, iflFY p, then 5V p (1

-5, 0 iff ShkygpforanypeA 0

5, T,A  iff 30U,V st S=(U,V), F, T, and IFY A (,
TS o iff V2 D % and VU, if IFY, T, then I 5V ¢ (Inf
'k ifft T Il—f% @ for any base #

Fig. 2. Base-extension Semantics for IMALL

A base £ is a set of such rules; we use the same conventions as in Section 2.1.
Definition 2.6 (Derivability in a Base) Derivability in a base A is the smallest relation b5 satisfying
the following:
— REF: ptgp, forallpe A
- APPy: If A€ A, then @ k3 p. ' ‘
— APPy: If R € A and there are C1,...,Cx € M(A) s.t. C; Pj(l) Fz py) for every i = 1...k and
j: 1...ni, then Cl,...,Ck }j@p.

Remark 2.7 We make Definition 2.1 substructural to yield Definition 2.6 by restricting the assumption
to be the atom itself in REF and by combining assumptions for each collection of premisses in APP.

Relative to this notion of derivability in a base, the definition of support for ILL without ! (i.e., IMALL)
follows as before:

Definition 2.8 (Support for IMALL) Support is the smallest relation I satisfying the clauses of Fig-
ure 2.

Theorem 2.9 (Gheorghiu, Gu, and Pym [23], Buzoku [11]) T Frvarn ¢ iff T' I .

Soundness and completeness are provided in the same way as for IPL in Section 2.1; that is, soundness
follows by the admissibility of the rules from a natural deduction system for ILL with respect to support,
and completeness by ‘simulating’ a natural deduction system for ILL by using the clauses of the semantics.

Remark 2.10 Intuitively, the indexed multiset of atoms denotes available resources. The Vending Ma-
chine Model discussed in Section 1 is easily expressed:

Let T be a theory defining the machine’s behaviour (e.g., I" is the multiset of just 1€ — C') and let ¥
be any base supporting that theory (i.e., H-i '), then the situation ‘one euro will buy one chocolate bar’
corresponds to the judgement II—,ly/€ C.

This stands in contrast to M-tS of linear logics in which the number-of-uses reading is not clearly expressed.

What about the exponential, ‘!” ? Intuitively, its resource reading is that the resource to which it is
applied is unbounded — zero or arbitrarily many instances of it may be used. This can be expressed in
the presented set-up, but requires a lot of delicate overhead, as given in [11,10], that is not essential for
presenting our basic account of resource semantics and its use in modelling distributed systems.
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2.8 The Logic of Bunched Implications

In this section, we recall the B-eS for BI by the authors [28]. Essentially, BI is the free combination of
IPL — with connective T, A,V,— — and IMLL — with connective T*, %, —. Intuitively, therefore, the
B-€S is a free combination of the semantics for IPL in Section 2.1 and for IMLL in Section 2.2. While this
intuition is fulfilled, there are several subtle technical details that require careful handling.

A principal challenge of BI is that, as a consequence of having two conjunctions and two (primitive)
implications, contexts are not one of the standard data structures (e.g., sets, multiset, lists), but rather
bunches, a term that derives from the relevance logic literature — see, for example, Read [49]. The
subtlety is the algebraic properties of these bunches: in BI, part of the bunch admits the structural rules
of weakening and contraction, and other parts do not. The B-eS of BI has to precisely express these
algebraic properties. Furthermore, while our previous work has primarily utilized the ‘natural deduction’
proof formalism, BI is more suitably expressed in sequent calculus form (cf. [5]), necessitating adjustments
to the entire framework of atomic systems.

Notwithstanding the challenges posed by bunches, BI is a well-established logic in systems modelling,
as discussed in Section 1. In Section 3, we see that the treatment of bunches in the B-eS facilitates the
expression of certain important features of distributed systems. We now proceed by providing the technical
background for BI and defining its B-eS. Recall our previous specification of notation (in Section 2.1).

Essentially, bunches in BI are the free combination of the context constructors of IPL — denoted @
and ; — and IMLL — denoted @« and , .

Definition 2.11 (Bunch) Bunches over some set X are defined as:
Xu=oeX|o, |2 | X;X | X,X

The set of all bunches over X is B(X)

If F is the set of formulas (over atoms A) in BI, then B(F) is the set of bunches of formulas. A sequent
in Bl is a pair I'> ¢ in which T' € B(F) and ¢ € F.

Definition 2.12 (Sub-bunch) If a bunch A is a sub-tree of a bunch T', then A is a sub-bunch of T.

Remark 2.13 Importantly, sub-bunches are sensitive to occurrence — for example, in the bunch A, A,
each occurrence of A is a different sub-bunch.

We may write I'(A) to express that A is a sub-bunch of I'. This notation is traditional for BI [37], but
requires careful handling. To avoid confusion, we never write I and later I'(A) to denote the same bunch,
but rather maintain one presentation. The substitution of A for A’ in T" is denoted T'(A)[A — A’]. This is
not a universal substitution, but a substitution of the particular occurrence of A meant in writing I'(A).
The bunch T'(A)[A +— A’] may be denoted I'(A’) when no confusion arises.

Since bunches are perhaps not as standardly known as other data structures, we give some detail about
their meta-theory that is essential to understanding BI. We require the notion of a contextual bunch, which
we think of a contextual bunch as a bunch with a hole — cf. nests with a hole in work by Briinnler [9].
This is already suggested by the substitution notation, but it is worth giving an explicit mathematical
treatment to avoid confusion.

Definition 2.14 (Contextual Bunch) A contextual bunch (over X) is a function b : B(X) — B(X) such
that there is I'(A) € B(X) and b(X) = I'(X) for any X' € B(X). The identity on B(X) is a contextual bunch,
it is denoted (-). The set of all contextual bunches (over X) is B(X).

Observe that B(X) can be identified as the subset of B(XU{o}), where o & X, in which bunches contain
a single occurrence of o. Specifically, if b(x) = I'(z), then identify b with I'(o) € B(XU {o}). We write I'(-)
for the contextual bunch identified with I'(o). We require a notion of equivalence on bunches.

Definition 2.15 (Coherent Equivalence) Bunches I',T” € B(X) are coherently equivalent when I' =
I, where = is the least relation satisfying: commutative monoid equations for ; with unit &y and for ,
with unit Py, and congruence (i.e., if A = A’ then T'(A) = T'(A")).
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5 p iff Skygp (At)
FS oA iff V2 D BNU() € B(A) Vp €A, if o390 K5 p, then K51 p (N)
FS @ s iff V2 D BVU(-) € B(A),Vp €A, if 0,9 IF5") p, then wU( ) p (%)
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5, T,A iff 3Q1,Qs € B(A) such that S > Q1,Qq, F% T, and F2 A ()
S, T;A iff 3Q1,Qs € B(A) such that S = Q1, S = Qq, IFS T, and IF% A ()
TIFED g iff V2 D #,YU € B(A), if IFY. T, then IF1V) g (Inf)

'k iff T H—;; 1 for any base A

Fig. 3. Base-extension Semantics for BI

In practice, bunches are regarded as the syntactic constructions in B(X) modulo coherent equivalence.
We require a way to express the structurality of the additive context-former.

Definition 2.16 (Bunch-extension) The bunch-extension relation > is the least relation satisfying:
— (WEAKENING) if T =T'[A — A; A'], then T =T
— (TRANSITIVITY ) if T = T" and T/ = T, then T = T".

Note that (REFLEXIVITY) I" = T is derivable here.

Base-extension Semantics. The notion of bases used for BI diverges from that of Section 2.1 and
Section 2.2 as the natural deduction format is insufficiently expressive to make all the requisite distinctions
about multiplicative and additive structures in bunches. Accordingly, we move to a sequent calculus format.

An atomic sequent is a pair P>p where P € B(A), p € A. An atomic rule is a rule over atomic sequents,

P1l>p1 Pnl>pn
Prep

A

Prep R

A base is a set of atomic rules; we use the same same conventions as in Section 2.1 and Section 2.2. They
behave as sequent calculus systems.

Definition 2.17 (Derivability in a Base) Derivability in a base B is the smallest relation = A satis-
fying the following:
— TAUT: ptgp, for allp € A

— INITIAL: IfA € A, then PFgp

- RULE: I[fRe % and Pitgpl,...,PoFr%pn, then Phgp

~ WEAK: If P(Q) ks p, then P(Q; Q') Fs p, for any Q' € B(A)

~ coNT: If P(Q: Q) s p, then P(Q) s p

~ EXCH: If P(Q)F2p and Q = Q', then P(Q") F% p

—cutT: If Tt% q and S(q) F2 p, then S(T) -4 p.

Remark 2.18 While Definition 2.17 appears more complex than its analogues for IPL (Definition 2.1)
and LL (Definition 2.6), this is caused by the change of formalism; in particular, TAUT corresponds to REF,
INITIAL to APP;, RULE to APPg, and CUT to the composition natural deduction proofs. The remaining
conditions — namely, WEAK, CONT, and EXCH — simply express the algebraic properties of bunches.
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Definition 2.19 (Supporfc for BI) Support is the smallest relation I satisfying the clauses in Figure 3,
in which S € B(A), R(-) € B(A), I, A € B(F).

Theorem 2.20 (Gu, Gheorghiu, and Pym [28]) Tty ¢ iff T IF .

The proof of this again follows the techniques used by Sandqvist [55]; in particular, completeness follows
from simulating a natural deduction proof systems for BI expressed in sequent calculus form (see, e.g.,
[37,45,8,29,21,28]). Moreover, using the correspondences in Remark 2.18; it is straightforward to express
the B-eS of IPL and IMLL in Section 2.2 as a restriction of the B-eS of BI herein. Unlike in Section 2.2,
in the B-eS of BI presented here, these fragments are freely combined.

There are a few things to remark upon about the support relation.

Remark 2.21 In contrast to the treatment of IPL [55] discussed in Section 1, support is now also
parametrized by a bunch of atoms. In Section 3, we see that these may usefully be thought of as re-
sources. The role of a contextual bunch can be seen particularly clearly in the (Inf) clause in Figure 3: the
resources required for the sequent I' > ¢ are combined with those required for I' in order to deliver those
required for ¢.

Remark 2.22 The treatment of the support of a combination of contexts I', A follows the naive Kripke-
style interpretation of multiplicative conjunction, corresponding to an introduction rule in natural deduc-
tion, but the support of the tensor product ¢ ® ¢ follows the form of a natural deduction elimination rule.
The significance of this is explored in Section 3.

Remark 2.23 The Vending Machine Model is expressed exactly as in Section 2.2 (Remark 2.10). This
stands in stark contrast to the situation in Section 1 where the extant resource semantics of the logics
require fundamentally different approaches to model the same system.

We conclude the technical background required for this paper: we have provided inferentialist semantics
for IPL, IMALL, and BI. It remains to give a resource interpretation of these semantics.

3 Inferentialist Resource Semantics

We give a systematic account of how B-eS can be used to give an account of the resource semantics in which
formulae are interpreted as assertions about the flow of resources in a distributed system, expressing both
the sharing/separation interpretation of BI [46] and the number-of-uses reading of LL. It is also related
to the syntactic resource semantics of Pfenning and Reed [50]. After the conceptual understanding in this
section, we then give detailed examples in Section 4.

In the context of models of distributed systems that are formulated in terms of locations, resources,
and processes, we begin with a conceptual definition of resource semantics, as follows:

A resource semantics for a system of logic is an interpretation of its formulae as assertions about states
of processes and is expressed in terms of the resources that are manipulated by those processes.

This definition requires a few notes: we intend no restriction on the assertions that are to be included in
the scope of this definition; assertions may refer not only to ground states but also ‘higher-order’ assertions
about state transitions. Moreover, we intend the manipulation of resources by the system’s processes to
include, inter alia, consuming/using resources, creating resources, copying/deleting resources, and moving
resources between locations. Furthermore, we require that an adequate resource semantics should be able
to provide accounts of the following concepts: counting of resources, composition of resources, comparison
of resources, sharing of resources, and separation of resources.

A system’s policy is what determines the system’s processes and how they manipulate resources — see
Section 1. In an inferential account of resource semantics, those behaviours determine the meaning of the
system — see Section 2. We now show how B-eS is used to model policies directly, and then illustrate this
account through examples in Section 4.

In the B-eS we have presented in Section 2, it is the (Inf) clause that articulates the consequence
relation free of the structure of the connectives. Indeed, whilst the semantic clauses for connectives vary
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in the B-eS for LL and BI, their (Inf) clauses follow a similar rationale. This is no coincidence: I' IF ¢
is about the transmission of validity, thus its definition reflects the semantic paradigm rather than of the
specific logic system. Indeed, analogously in M-tS, I' IF ¢ expresses that ‘for any model 91, if I' is true in
M, then so is ¢’, regardless of the specific logic and semantics of interest. The power of B-eS to unify the
aforementioned resource interpretations can be summarized in the following general pattern of support
judgement and its semantics clauses for LL and BI — (Inf) is the key clause that connects the left- and
right-sides of the support judgement, free of reference to connectives:

TIHY o iff v6 D B,YU e R(A), if FU T, then I3 ¢ (Gen-Inf)

Let us spell out each ingredient of (Gen-Inf) and their roles in the resource semantics, which describes
the execution of certain policy in a system:

— ¢ is a formula of the chosen logic. It is an assertion describing (a possible state of) the system

— I'is a collection (e.g., multiset, bunch, etc.) of formulas. It specifies a policy describing the executions
of a system’s processes

— R(A) is some choice of atomic resource (e.g., multisets of atoms in ILL, bunches of atoms in BI)

— S(+) is some contextual atomic resource, such that whenever combined with some atomic resource in
R(A), it returns a ‘richer’ atomic resource (e.g., multisets of atoms in IMLL, contextual bunches in
BI). It specifies the resources that are available for the system model’s processes to execute according
to the given policy

— B, € are bases of one’s choice. They are models, and H—fé I" reads as € is a model of policy I" when
supplied with resource U.

Putting all these together, the support judgement I I 2( )  says that, if policy I" were to be executed with

contextual resource S(-) based on the model %, then the result state would satisfy ¢. (Gen-Inf) explains
how such execution is triggered: for arbitrary model € that extends 4, if policy I is met in model € using
some resource U, then I' could be executed, and the resulting state — which consumes U in the available
contextual resource S(-) — satisfies .

We demonstrate how this general resource interpretation retrieves the number-of-uses reading and the
sharing/separation semantics when instantiated in ILL (in particular, IMALL) and BI, respectively.

3.1 Linear Logic

Following Section 2.2, we restrict ourselves to IMALL. In this context, a multiset of atoms P denotes a
contextual resource S(-) through multiset union — that is, S(-) : U — P,U.

The number-of-uses interpretation of LL instantiates the definition of resource semantics above as
follows: a formula ¢ asserts that the system has some resources ‘@’ (discussed below), and an implication
© —o 1 asserts that the system has a process that uses the resources ‘@’ and yields resources ‘¢p’. What
resources are ‘@’ and ‘¢0’? That depends on the policy & governing the system; for example, when the
policy is empty (% = &) and ¢ and 1) are atoms p and ¢, respectively, then ‘@’ is p and ‘¢’ is ¢ — we
give further examples below. Understanding that this interpretation is relativized to a policy is essential;
for example, when % contains an axiom A, then one has an indefinite amount of the resource ¢ available.
Importantly, this handling of resource is the idea driving the ‘simulation’ proof of the completeness of the
semantics — see Gheorghiu et al. [23] — discussed in Section 2.2.

The clauses in Figure 2 enable this way of reading number-of-uses as a resource semantics; that is, they
explicate inductively how a formula is interpreted as a collection of resources relative to a policy — from
Il—g (p —o 1, one recovers a judgement Il—g’g% 1, in which U is ‘¢’ as determined by %. We illustrate for
some of connectives to show how their number-of-uses readings manifest:

— &: This clause very clearly says that ¢ & 1 denotes that ¢ and v are available processes that each
require the same resources; in other words, both process ¢ and ¥ may be done, but only one will be.
,: Similar to the above, both process ¢ and 1 may be done, but this time both must be done, so the
resources must be divided in some suitable way.

— ®: One may expect this clause to take precisely the same form as (,), but taking the elimination form
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instead ensures a certain coherence in the system [23]. Indeed, taking this form, the clause allows us
to see precisely how a formula denotes a collection of resources relative to a policy.

Let us return to ¢ — ¥. We already considered the case in which both ¢ and ¥ are atoms.
Suppose now that ¢ is a tensor of atoms (i.e., ¢ := p1 ® ... ® p,). Again, choosing the simplest
possible % to model this process and make ‘@’ as plain as possible, the judgement IF ¢ — 1 can be
reduced to p1,...,pn F ¢, in which £ is simply a policy for a process that uses resources ¢ and
yields the resources 1.

In general, one has ‘@’ iz ¢ ¢, in which € ensures that ‘@’ behaves as p1 ® - - - ® p,,. For example,
‘o’ can be a single atom and ¥ may simulate the appropriate introduction and elimination rules,

{[pla----pn]}
i} o Ape} {9} z

4 Y

%) T

A similar analysis can be made for when ) is a tensor-formula.

— @: This connective denotes non-deterministic choice: one of ¢ or ¢ will fire, but we do not know
which. The elimination-rule format of the clause expresses precisely this: what the process ¢ and ¥
can both yields with resources U, is yielded by ¢ @ ¢ with resources U.

This suffices to illustrate how the number-of-uses reading of LL manifests in its B-eS; the remaining
connectives follow similarly. In the treatment of ®, we have concentrated on it as a pre-/post- condition of
—o (as opposed to the combination of two process that both execute as in , ). This is to explicate how the
format of the clause, which indeed passes through ,, supports the interpretation of formulae as assertions
about resources.

3.2  Bunched Implications

Briefly, a distributed system is comprised of components that exchange and process resources (see Section 5
for more on this). Two components share resources when they use the available resource at the same
time and separate resources when the available resources must be divided between components. The
sharing/separation interpretation of BI (see Pym [46]) pertains to modelling this aspect of the architecture
of distributed systems. We illustrate how this manifests in BI’s B-eS relative to the notation in (Gen-Inf).

First, the bunch of atoms U denotes the available resources. If Vand W are collections of resources,
then V' ; W denotes a collection of resources such that each sub-collection may be shared — that is,
components that share resources may use both V and W simultaneously, just V', just W, or one component
uses V while the other uses W — and V', W denotes a collection of resource such that each sub-collection
must be used separately. This follows from the ;- and ,-clauses, observing also the role played by bunch-
extension in those clauses.

Second, the bunch I' describes the architecture of the system. The two context-formers provide the
sharing/separation reading: if I" and A describe system policies for two components, then I'; A describes a
system policy in which those components share resources, and I', A describes a system policy in which they
separate resources. Again, this is immediately expressed by the ;- and ,-clauses as the available resources
are copied or divided between the sub-bunches, respectively. Intuitive readings of the associated units
follow similarly.

Third, ¢ is an assertion about the state of the system in terms of its sharing/separation architecture;
in particular, considering some of the connectives,

— x: denotes the combined effect of two separating components of the system taken as a single component

— A: denotes the combined effect of two sharing components of the system taken as a single component

— —k: denotes that, if the state of the system satisfies the antecent assertion, then the system can be
modified to satisfy the consequent assertion

— —: denotes that, if the state of the system satisfies the antecedent, then the (unmodified) system
also satisfies the consequent.
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Presented individually in this way, the significance of these readings is, perhaps, obscured. In the base
case, an atom p may be thought of as the assertion that the system has a certain resource; thus, a formula
p —k (q1 * q2) asserts that the system can move from a state in which a component may use a resource p to
a state in which two separate components may use ¢; and go. This is made more concrete in Section 4 with
examples given in which these readings are instantiated in the setting of a relatable distributed systems.

Observe that restricting to the multiplicative fragment of BI one also recovers IMLL, hence one has
the number-of-uses interpretation described for LL above. However, this reading actually extends to the
whole of BI. The sharing/separation reading arises from the interpretation of the meta-connectives (i.e.,
the context-formers and their units), but one can consistently keep a number-of-uses interpretation of
formulae as the way in which they make assertions about the system (i.e., they express how resources
behave within the system).

The implications assert that there is a process that transitions the system from a state satisfying
the antecedent to one satisfying the consequent; they are distinguished by whether or not the processes
modify the system when executed. What do we mean by ‘modify’? In the basic case, we simply mean
the consuming of resources; for example, both p —x ¢ and p — ¢ refers to a process in which a system
moves from a state in which it has a resource p to one in which it has a ¢, but the former does it while
consuming p (in the sense of the number-of-uses reading) and the latter only requires that p is available. In
the general case, we must account for the fact that the precondition of the process may itself be a process;
for example, (¢ — 1)) — x denotes a process that modifies the system from the state ¢ —x 1 (i.e., ‘there
is a process ...’) to the state .

Note, since — modifies the system, its required resources must be private (not shared with other
processes) so it uses separated resources. Since — does not modify the system its required resources are
the kind that may be shared.

3.3 Thesis

We have described how a general view of B-eS can be instantiated to explicate the resource semantics
both of logics that exhibit the sharing/separation semantics of propositions and logics that support the
number-of-uses readings of propositions.

Recall from Section 1 and our discussion of (Gen-Inf) that an inferentialist account of resource semantics
is one in which policies determine behaviours and these behaviours collectively give the meaning of the
system. Thus we conclude this section by asserting the thesis of this paper:

The paradigm of base-extension semantics provides an inferentialist account of resource semantics that
uniformly encompasses both the number-of-uses readings — as found in the family of linear logics —
and the sharing/separation semantics — as found in bunched logics, such as BI and relevance logics.

Observe that this uniformity stands in contrast to extant accounts of these readings of linear and bunches
logic that proceed through different frameworks — namely, proof theory and model theory.

We now illustrate this thesis, in Section 4, with two familiar yet evidently generic examples of dis-
tributed systems and, in Section 5, we describe the realization of the thesis for distributed systems more
generally.

4 Generic Examples: Airport Security and MFA

Having developed (a sketch of ) an inferentialist resource semantics, we now illustrate the ideas by exploring
some substantial examples. These examples are intended to be familiar and relatable settings in which
policies are applied to located resources (e.g., [14,13,3]). Despite being specific in their details, they are
both structurally and conceptually quite generic. Since the resource semantics of BI provided by the B-eS
expresses both sharing/separation and number-of-uses in systems modelling, we concentrate on this logic.
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Fig. 4. The Airport Security Architecture

4.1 Airport Security Processes

A model of the departure security process at an airport shown in Figure 4. There are six locations — [y,
..., lg — each of which has an associated policy, modelled by a base (%; at l;). There are lots of natural
notions of resource in this setting (e.g., machines, baggage, passengers, etc), but to keep things simple and
focused on security, we shall restrict attention to documentation (i.e., passports, tickets, bar-codes, etc).

You arrive at check-in (I1). You show your passport, receive your boarding-card, and drop your hold-
baggage. This situation is described by I'y := p — ((pAt) * h) — atom p denotes your passport, ¢ denotes
the boarding-card (ticket), and h denotes the baggage-label. The x is used because the system bifurcates
at this point and the resources p At and h go to separating components, and the —k is used because the
system is modified: the state of passport p is changed as it only goes down one branch (the same as your
ticket, t) and is no longer globally available. We explain the use of * at [; in more detail below. An
inferential model is given by a base %1 supporting I';.

Next, two processes occur in parallel, one through s and one through I3,14,l5. They are described by
A1 and Ag, respectively. Since they occur separately — that is, without sharing resources, this portion of
the system is described by the bunch I's := A1, As. Indeed, the , at I5 matches the x used in I; above.

The top path of Figure 4 passes through hold-baggage security (l2). Here, the label h on your baggage
is verified (and the baggage itself is checked). That h validates is denoted by Aj := h — Spolq-

The bottom path of Figure 4 passes through I3, 4, and [5, modelled by x1, x2, and X3, respectively.
This branch does not consume resources, so each is modelled using — (as opposed to —). They share
resources (e.g., passport), so Ag := x1; X2 ; x3. Their ordering is enforced by the security tokens (see
below), otherwise — may be used in place of ;. We consider each location separately.

— You arrive at security (I3). You must present a valid ticket to pass through the security gates. We
denote this situation y; :=t — Scap.

— You enter passport control (l4). Your passport is validated and you are granted access to the gates.
We denote this situation x2 := (Scab A P) = Spass-

— You arrive at the gate (I5). Your passport and ticket are checked and you are granted access. We
denote this situation x3 := (Spass AP At) = Sgate-

The two separate processes (i.e., lo and [3 to l5) come together at the aircraft (Ig). Here the ground-crew
and the air-crew have check-lists that need to be processed and combined, but that is all hidden from you.
From your perspective, both you and your hold-baggage must have been authorized to board and then,
assuming clearance, the plane takes off (f — flight). We model this situation by I's := (sgate * Shold) —* f-

We have modelled airport security in three parts, producing I'y, I'o, and I's. How should they be
composed into a single theory describing the whole system at once? Observe that overall Figure 4 describes
a single process in which a passport p yields flight f. Hence, it is modelled by an implication. The details
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of the process are what are described by I'j, I's (A and Ay), and I's, so we take their formula translations
©1, p2 (11 and 12), and @3, respectively (i.e., replace ; with A, and , with *); that is,

=1 — ((¢1 % ) —k p3)

The —« (rather than —) is appropriate because the system only flows one way; for example, having passed
l1, one cannot return to it later, the system has changed. What process do the implications explicit above
represent? They are the interfacing between the various sections of system; this is part of the system and
are modelled by % and %, respectively.

What % models the policy described by I'? The compositional approach by which we described the
model is entirely suitable, % := %, U... U %Bg U 61 U 6> suffices. This describes how the overall system is
modelled, but it is instructive to look at bases in more detail to see how modelling of the components in
this compositional approach is done.

We require % to support the formula p — (h * (t A p)); that is, we require II—E%X1 p — ((pAt)*h) to
hold. Recall the clause for x,

o, (pAt)xh iff Y2 D BiVeeAif (p;t),h 5" 2, then FP) &

This means that in any situation in which one can use the collection of resources h, (¢ ; p), it suffices to
use the resource p. So, in the simplest case, it suffices for the base %) to contain the following rules: for
any U(-) € B(A) and = € A,
U(h,t)px
U(p)>x

This is the coarsest possible approach. In practice, check-in is a whole system unto itself (see the discussion
on substitution in Section 5) and there are many internal processes that run. For example, check-in may
proceed as follows: the system extracts from the passport three different parts, the name ppame, the date
of birth pqop, and the passport-number pyum; uses the passport number to issue the ticket; and uses the
name on the passport and the ticket together to issue the hold-baggage label. In this case, %; may have
the following rules:

Prum >t Pname,t> D U(h,t)bx
PP Pname P> Pdob PP Pnum U(p) >x

where ... denotes the part of the base that models the way in which the passport number (pyum) is used
to issue the ticket (¢) and the name and ticket together (pname,t) are used to issue the hold-baggage label
(h). The same kind of flexibility in the modelling occurs at each location.

4.2 Multi-factor Authentication (MFA)

To illustrate how generic the notion of system used really is, we give an immediate translation to the
setting of information security. The goal of MFA is to increase the overall security of systems by requiring
multiple forms of verification before granting access; for example, login systems on a banking app. Such
verification forms are called authentication factors, and typical examples include, inter alia, knowledge
factors (e.g., passwords, pin codes, etc.), possession factors (e.g., verification code via text message or
email), inherent factors (e.g., biometrics — fingerprints, voice/face recognition, etc.). We model a simple
MFA example of user-login for an account at a fictional bank called Bunched Money, which abstracts
banking apps quite generally.

To access their Bunched Money account, a user needs two out of the three possible authentication
factors: a password p, a one-time passcode o, or a hardware fob f. Access is denoted by a security token
Sace- This policy can be expressed by a theory I' that consists of exactly one formula:

= ((pxo)V(p*[)V(o*[f)) = Sacc
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Fig. 5. General Distributed System Architecture

The * (as opposed to A) because it is crucial that the two authentication factors (e.g., p and o) are from
separate sources. The separation is essential, as otherwise these two factors would not enhance the security
compared to a single factor — for example, two passwords are not substantially stronger than one.

Let 2 be a model of the policy described by I' — that is, £ is defined by the property Il—f%X I'. Let R
be an appropriate collection of verification factors — for example, R := p,o0. That access is granted under
these conditions is expressed by II—% Sace, Which indeed obtains.

5 Discussion: The Generality of the Approach

In Section 1, we discussed an abstract view of (distributed) systems based in the concepts of location,
resource, and process: processes manipulate resources that reside at locations. A system is located within
an environment, itself a system. In general, one can sketch a system with diagrams as in Figure 5; for
example, the modelling of airport security in Section 4 begins with the sketch in Figure 4.

What we have offered in Section 3 is an interpretation of the B-eS of ILL and BI in terms of systems
concepts. We now explain how it applies for modelling systems described by a diagram as in Figure 5.

Relative to a diagram such as Figure 5, we can explain quite generally how the inferentialist resource
semantics applies to systems modelling. A distributed system D comprises distinct components (or sub-
systems) C1,...,Cy, each of which has its own policy which may interface with each other. Using the
resource interpretation in Section 3, the policy at the C; are individually described by formulae ¢; and
the policy of the distributed system D is described by a bunch I' over these descriptions. An inferential
model of the policy of D is given by a base % supporting I'.

Remark 5.1 Following the resource semantics of bunches, one can model each component’s policy ¢;
individually by a base %;, and construct a model 2 of the overall policy for D by taking the union of
those bases together with some rules € governing their interfacing, 2 := %, U...U %, U%. In this sense,
the resource semantics given by B-eS is compositional.

Remark 5.2 The inferential models of policies can be given at various degrees of refinement. In modelling
distributed systems, this corresponds to the fact that each component C; of D may, if useful, be thought of

as a distributed system in itself; that is, one substitutes C; for a more detailed set of systems C}l),. O (l),

which interface to yield the overall effect of C;. The base modelling the policy of Cy),. .. ,C,gi) still models
the policy of ;. No change is needed.

This account implicitly assumes a formal model of the compositional structure of a distributed system,
as sketched in Figure 5. There are of course many ways of establishing such a model (e.g., [4,14,3,12,20]).
For our current purposes, we consider, at an appropriate level of abstraction, a conceptualization of
distributed systems in terms of locations, resources, and processes, as introduced in Section 1 [14,3,12,20],
as follows (though note the consistency of this perspective with that of [4], based on ‘infomorphisms’):
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— the distributed system D is based on a directed graph (or a similar topological structure) with certain
sub-graphs denoting the components Cj;

— the vertices of the graph denote locations and the edges give the connectivity between the components;

— each component system has some collection of resources that carries some algebraic structure (e.g.,
as a bunch, or an ordered monoid, and so on) that is coherent with its sub-graph structure; and

— processes, perhaps represented using a resource-process algebra (see, for example, [14,3]) or a primitive
notion of behaviour (see, for example, [20]), describe the manipulation of resources and hence the
delivery of services by the system.

Relative to such architecture — in which the states of a system are described by processes executing
relative to resources that reside at locations — logical formulae represent the policy of the system; that is,
given a certain distribution of resources across the locations, what subsequent distributions are possible.
The details of these readings are given in Section 3; for example, the formula ¢ V 1) represents the policy
that the system may behave as any state satisfying ¢ or ¢ ambiguously — that is, it may move into a
state satisfying policy x if it is the case that were it in a state ¢ it could move into a state x and were it
in a state v it could move into a state x.

Within Figure 5, we suggest two possible situations in describing the resource flow between components:
first, resources may be subject to compliance with policy, as between C7 and Cs, and so we also model
the interface between components; second, resource flow may not be subject to compliance with policy,
as between C3 and Cy, but must sill be compliant with the policy of the components themselves. These
situations can be seen to arise in the example depicted in Figure 4.

In the first case, a passenger may move from ground-side to air-side provided they are compliant
with the airport’s security policy: in Figure 4, I3 can be seen as such an interface between (models of)
ground-side and air-side, consisting of policies that determine whether the passenger after check-in (i.e.,
component /1) could continue to passport control (i.e., component l4). In the second case, the departure
gate implements a check of boarding cards and passports, and perhaps also compliance with cabin-baggage
policy, but the details of these are not specified as an interface component of the model.

In general, the permitted manipulations of resources are determined by the system’s policies and these
policies can be described as logical formulae that are interpreted according to the principles of the resource
semantics that we have described in general in Section 3 and illustrated by examples in Section 4.

Further work, beyond our present scope, is to develop conceptual and modelling tools for this general
set-up more formally, perhaps starting from a ‘minimalistic’ approach to systems modelling [20].

6 Conclusion

The concept of a distributed system is foundational in informatics, characterizing the architecture of both
physical and abstract infrastructures that are an integral part of modern life. Logic serves as a vital tool for
representing, understanding, and reasoning about such systems. One common approach is to give ‘resource
semantics’ of logics; that is, interpretations of logical structures and relations in terms of system concepts.
Notable examples include the number-of-uses interpretation for linear logics and the sharing/separation
interpretation for bunched logics.

Despite the distinct nature of these two resource semantics, this paper presents a unified definition
of ‘resource semantics’ that encompasses both. Furthermore, it offers a consistent interpretation of the
inferentialist perspective across these logics, specifically through their base-extension semantics that uni-
formly recovers their established resource readings. This underscores the paper’s thesis, as articulated in
Section 3.3, asserting inferentialism as an intuitive and useful framework for logical systems modelling.

The thesis is illustrated through the modelling of airport security architecture and multi-factor authen-
tication systems, which demonstrate the generic applicability of the approach. Future research, discussed
in Section 5, includes formalizing the resource interpretation by establishing a conceptual model of dis-
tributed systems and verifying the faithfulness and adequacy of the resource interpretation within that
model. From a logical point of view, there is room to explore the base-extension semantics of logic models
that precisely capture desired properties of distributed systems; for example, potentially incorporating



Gheorghiu, Gu, Pym 9-17

action and knowledge modalities to refine the understanding of resource movement and policy across
distributed systems.

In summary, this paper provides a conceptually and technically well-grounded starting point for devel-
oping a general, systematic, logic-based inferentialist semantics for systems modelling.
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