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Abstract

Representations of domains mean in a general way representing a domain as a suitable family endowed with set-inclusion
order of some mathematical structures. In this paper, representations of domains via CF-approximation spaces are considered.
Concepts of CF-approximation spaces and CF-closed sets are introduced. It is proved that the family of CF-closed sets in
a CF-approximation space endowed with set-inclusion order is a continuous domain and that every continuous domain is
isomorphic to the family of CF-closed sets of some CF-approximation space endowed with set-inclusion order. The concept
of CF-approximable relations is introduced using a categorical approach, which later facilitates the proof that the category of
CF-approximation spaces and CF-approximable relations is equivalent to that of continuous domains and Scott continuous
maps.
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1 Introduction

Domain theory is one of the important research fields of theoretical computer science [2]. In recent
years of research in domain theory, there is a growing body of scholarly work towards synthesizing various
mathematical fields such as ordered structures, topological spaces, formal contexts, rough sets, and various
kinds of logic. One of such syntheses is to create representation for various kinds of domains using
abstract bases [8,12], formal topologies [13], information systems [10,12], formal contexts [4]-[11], and so
on. Amongst these, representation via abstract bases appears to be most natural due to its simplicity.

By representation of domains, we mean any general way by which one can characterize a domain
using a suitable family of some mathematical structures ordered by the set-theoretic inclusion. With
this understanding, clearly, every continuous domain can be represented by c-infs [10], abstract bases,
formal topologies [13], etc. Recently, Qingguo Li, et. al. in [11] introduced attribute continuous formal
contexts which are quadruples, and showed that every continuous domain can be represented by attribute
continuous formal contexts.
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13-2 Representations of Domains via CF-approximation Spaces

While representation using abstract bases appears to be the most natural and simple, its scope of
study is unfortunately too narrow in that it is easy to miss out on something deeper. Noticing from rough
set theory [7] that abstract bases are all special generalized approximation spaces (GA-spaces, for short)
[14], we consider generalize an abstract base to a CF-approximation space which is a GA-space with some
coordinating family of finite sets. Since the lower approximation operator R and the upper approximation
operator R are mutually dual in a CF-approximation space, we mainly use the upper approximation
operator R and introduce CF-closed sets which are generalizations of round ideals in abstract bases. With
these concepts, representations of domains via CF-approximation spaces are obtained. We will see that
this approach of representing domains is more general than the approach of representing domains by
abstract bases. We also introduce the concept of CF-approximable relations using a categorical approach
and prove that the category of CF-approximation spaces and CF-approximable relations is equivalent to
that of continuous domains and Scott continuous maps. This work makes links naturally between domains
and rough sets.

2 Preliminaries

We quickly recall some basic notions and results of domain theory. For a set U and X C U, we use P(U)
to denote the power set of U, Py, (U) to denote the family of all nonempty finite subsets of U and X¢ to
denote the complement of X in U. The symbol F' Cy;, X means F' is a finite subset of X. For notions
which we do not explicitly define herein, the reader may refer to [2,3].

Let (L, <) be a poset. A principal ideal (resp., principal filter) of L is a set of the form |z = {y €
L|y<uz}(resp,, e ={ye€L|xz<y}) For AC L, wewrite JA={ye L |JzeA y<z}and
TA={yeL|3dze A x <y} Asubset Aisa lower set (resp., an upper set) if A= | A (resp., A =1 A).
We say that z is a lower bound (resp., an upper bound) of A if A C1z (resp., A Clz). The supremum of
A is the least upper bound of A, denoted by \/ A or sup A. The infimum of A is the greatest lower bound
of A, denoted by A A or inf A. A nonempty subset D of L is directed if every finite subset of D has an
upper bound in D. A subset C of L is consistent if C' has an upper bound in L. A poset L is a directed
complete partially ordered set (dcpo, for short) if every directed subset of L has a supremum. A semilattice
(resp., sup-semilattice) is a poset in which every pair of elements has an infimum (resp., a supremum). A
complete lattice is a poset in which every subset has a supremum (equivlently, has an infimum). If any
finite consistent subset A of L has a supremum, then L is called a cusl. If any consistent subset B of L
has a supremum, then L is called a bc-poset.

Let L be a semilattice and K C L. If for all x,y € K it holds that x Ay € K, then K is called a
subsemilattice of L.

Recall that in a poset P, we say that x way-below y, written x < y if whenever D is a directed set
that has a supremum with sup D > y, then x < d for some d € D. If x < x, then z is called a compact
element of P, the set {x € P | x < z} is denoted by K(P). The set {y € P | x < y} will be denoted
by Tz and {y € P | y < x} denoted by dr. A poset P is said to be continuous (vesp., algebraic) if
for all x € P, [z is directed (resp., o N K(P) is directed) and x = \/ |z (resp., = = \/(Jz N K(P))).
If a depo P is continuous (resp., algebraic), then P is called a continuous domain (resp., an algebraic
domain). If a continuous domain P is a semilattice (resp., sup-semilattice, complete lattice), then P is
called a continuous semilattice (resp., continuous sup-semilattice, continuous lattice). If a be-poset P is
also a continuous domain, then P is called a bc-domain. If an algebraic domain L is a semilattice and
K (L) is a subsemilattice of L, then L is called arithmetic semmilattice.

Let L and P be dcpos, and f: L — P a map. If for any directed subset D C L, f(\/ D) =\ f(D),
then f is called a Scott continuous map.

Lemma 2.1 ([2]) Let P be a poset. Then for all x,y,u,z € P,
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(1) s<y=a<y;
2u<rky<z=uK 2.

Lemma 2.2 If P is a continuous poset, then the way-below relation < has the interpolation property:
r <K z= dy € P such that r < y < z.

Definition 2.3 Let P be a poset, BC P. The set B is called a basis for P if for all a € P, there is a
directed set D, C BN la such that supp D, =a, where the subscripted P indicates that the operation (in
this case, the supremum) is taken in poset P.

It is well known that a poset P is continuous iff it has a basis and that P is algebraic iff K(P) is a
basis.

A binary relation R C U x U on a set U is called transitive if xRy and yRz implies xRz for all
x,y,z € U. A binary relation R is said a preorder if it is reflexive and transitive.

Definition 2.4 (see [2,3]) Let (U, <) be a set equipped with a binary relation. The binary relation < is
called fully transitive if it is transitive and satisfies the strong interpolation property:

V|F| < 00, F < z= 3y < z such that F < y,

where F' <y means for allt € F, t <y. If (B,<) is a set equipped with a binary relation which is fully
transitive, then (B, <) is called an abstract basis.

Definition 2.5 ([2,3]) Let (B, <) be an abstract basis. A non-empty subset I of B is a round ideal if
D) Vyel, x<y=>x€cl;
(2) Vo, y eI, 3z € I such that x < z and y < z.

All the round ideals of B in set-inclusion order is called the round ideal completion of B, denoted by RI(B).

Observe that if B is a basis for a continuous domain P, then (B, <), the restriction of the way-below
relation to B, is an abstract basis. And it is known (see in [10]) that P in this case is isomorphic to RI(B).

Proposition 2.6 If P is a continuous domain, then (P, <) is an abstract basis and RI(P, <) = (P, <).

Next, we introduce some terminologies imported from rough set theory. A set U with a binary relation
R is called a generalized approzimation space (GA-space, for short). Let (U, R) be a GA-space. Define
Rs, R, : U — P(U) such that for all z € U, Ry(z) ={y € U | xRy}, Ry(z) = {y € U | yRz}.

Lower and upper approximation operators are key notions in GA-spaces.

Definition 2.7 (cf. [17]) Let (U, R) be a GA-space. For A C U, define

R(A)={z €U| Rs(x)C A}, R(A)={z cU| Rs(z)nA#D}.
The operators R, R : P(U) — P(U) are respectively called the lower and upper approzimation operators in
(U, R), where P(U) is the power set of U.

Lemma 2.8 (cf. [9]) Let (U, R) be a GA-space. Then the lower and upper approzimation operators R

and R have the following properties.

(1) R(A°) = (R(A))¢, R(A) = (R(A))¢, where A¢ is the complement of A C U.
(2) R(U)=U, R(0)=0.

(3) Let {A; |ieI} CPW). Then R(N;cs Ai) = Niesr R(Ai), R(U,er Ai) = User R(A)).
(4) If AC BCU, then R(A) C R(B), R(A) C R(B).
(5) For all z € U, R({z}) = Ry(x).

Lemma 2.9 [16] Let (U, R) be a GA-space. Then R is reflexive iff for all X CU, X C R(X).

(A
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Lemma 2.10 [16] Let (U, R) be a GA-space. Then R is transitive iff for all X C U, R(R(X)) C R(X).

-
Definition 2.11 ([15]) Let (U, R) be a GA-space and A C U. The set A is called R-open if A C R(A) and
R-closed if R(B) C B.

For a preorder R, the operator R is an interior operator of a topology, so we have
Definition 2.12 ([15]) If R is a preorder, then GA-space (U, R) is called a topological GA-space.
The next proposition shows that all R-open sets of (U, R) form a topology on U.

Proposition 2.13 Let (U, R) be a GA-space. Then TR ={A CU | AC R(A)} is an Alexandrov topology
onU.

Proof. Obviously, §,U € 7. By Lemma 2.8(3), we have 75 is closed under arbitrary intersections. Let
A; € Tp, namely, A; C R(A;) (i €I). Then (J;o; Ai € U, (R(A;)). It follows from R(A;) € R(U;er Ai)
that ;o (R(As)) € R(U;er Ai)- Then U, Ai € R(U;gr Ai)- So U, Ai € Tr, namely, 7g is closed under
arbitrary unions. This shows that 7 is an Alexandrov topology. O

The above topology 7g is called a topology induced by relation R. Obviously, all the R-closed sets of
(U, R) are precisely all the closed sets of 75 .

3 CF-approximation Spaces and CF-closed Sets

For an abstract base (B, <), we naturally have the triple (B, <,{{b} | b € B}) and that the family
{}™ b | be B} is a base of the continuous domain RI(B), where |~ b= {c € B | ¢ < b}. We generalize an
abstract base to a GA-space with consistent family of finite subsets (CF-approximation space, for short)
by changing (B, <) to a GA-space (U, R) with R being transitive and changing the family {{b} | b € B}
to a suitable family F of some finite subsets of U. We hope that the family F can also induce a base of a
continuous domain.

Definition 3.1 Let (U, R) be a GA-space, R a transitive relation and F C Py (U)U{0}. If for all F € F,
whenever K Cy;, R(F), there always exists G € F such that K C R(G) and G C R(F'), then (U, R,F)
1s called a generalized approximation space with consistent family of finite subsets, or a CF-approzimation
space, for short.

Lemma 3.2 Let (U, R) be a GA-space, A,B C U. If R is a transitive relation, then R(B) C R(A) when
B C R(A).

Proof. It follows from Lemma 2.8(4) and 2.10. O

Definition 3.3 Let (U, R, ]:)_be a CF-approximation space, £ C U. If for all K Cyg;, E, there always
exists F € F such that K C R(F) C E and F C E, then E is called a CF-closed set of (U, R, F). The
collection of all CF-closed sets of (U, R, F) is denoted by €(U, R, F).

Remark 3.4 (1) If ) € €(U, R, F), then ) € F by R(() = 0.
(2) For CF-approximation space (U,R,F), if F = {{z} | x € U}, then (U, R) is an abstract base by
Lemma 2.8(5), and all the CF-closed sets of (U, R, F) are precisely all the round ideals of (U, R).

The following example shows that (U, R) is not necessarily an abstract base when (U, R, F) is a CF-
approximation space, showing that CF-approximation spaces is a generalization of abstract bases.

Example 3.5 Let U = N, R = {(1,1),(1,2),(1,3),(1,4),(2,3),(2,4),(4,3)} U {(3,4) | i = 5}, F =
{1}, {1,24, 0y U {{i} | ¢ = B}. It is easy to check that (U, R,F) is a CF-approzimation space and
CU,R,F) = {0,{1}}y U{{i} | i = 5} is a continuous domain. Notice that (1,4),(2,4) € R, but there
is not € U such that (1,t),(2,t),(t,4) € R. So (U, R) is not an abstract base.
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Proposition 3.6 Let (U, R, F) be a CF-approzimation space. If E € €(U, R, F), then E is an R-closed
set.

Proof. If z € R(E), then Ry(z) N E # (. So there is y € U such that Ry and y € E. By Definition
3.3, there exists F' € F, such that y € R(F) C E and F' C E. By the transitivity of R, we know that
R({y}) CR(R(F)) C R(F) C E. Thus R({y}) C E. It is clear that x € R({y}) C E because of xRy. By

the arbitrariness of * € R(E), we know that R(E) C E. This shows that E is an R-closed set. 0

Proposition 3.7 Let (U, R, F) be a CF-approximation space, then the following statements hold:
(1) For any F € F, R(F) € ¢(U, R, F);

(2) If E€ ¢(U,R,F), ACE, then R(A) C E;

(3) If {Ei}icr € €(U, R, F) is a directed family, then \J;c; E; € €(U, R, F).

Proof. (1) Follows directly by Definition 3.1 and the transitivity of R.

(2) Follows from A C E and Lemma 2.8(4) that R(A) C R(FE). By Proposition 3.6, we know that
R(E) C E. Thus R(A) C E.

(3) Follows directly from Definition 3.3. O

The proposition above shows that (€(U, R, F), C) is a dcpo. The following proposition gives equivalent
characterizations of CF-closed sets.

Proposition 3.8 The following statements are equivalent for a CF-approzimation space (U, R, F):
(1) E€€(U,R,F);

(2) The family A= {R(F)|F € F,F C E} is directed and E = |J A;

(3) There exists a family {F;}icr € F such that {R(F;)}ier is directed, and E = J,c; R(F;);

(4) There always exists F € F such that K C R(F) C E whenever K Cp;y, E.

Proof. If E =0 € €(U, R, F), the proposition holds obviously. Let E # (.

(1) = (2) By Definition 3.3, we know that A is not empty. Let X1, X2 € A, then there exist Fy, Fy € F
and F, Fy C E, such that X; = R(F1), X2 = R(F,). By 1 U Fy C tin I and Definition 3.3 we know that
there exists I3 € F, such that F; U Fy, C R(F3) and F3 C E. By the transitivity of R and Lemma 3.2 we
know that R(Fy) C R(F3), R(Fy) C R(F3). This shows that A is directed. Next we prove E = |JA. By
Proposition 3.7(2) we know that | J.A C E holds. Conversely, if x € E, then by Definition 3.3, there is
F € F such that x € R(F) C E and F C E. So x € |JA. By the arbitrariness of z € E we know that
EC|A. Thus E=JA.

(2) = (3) Trivial.

(3) = (4) Follows directly from the finiteness of K and the directedness of {R(F})}ier-

(4) = (1) If K Cyyy, E, then there exists F' € F such that K C R(F) C E. By Definition 3.1, there
exists G € F such that K C R(G) and G C R(F). By Lemma 3.2 we know that R(G) C R(F) C E. Thus
K C R(G) C E. Noticing that G C R(F) C E, by Definition 3.3 we obtain that E € ¢(U, R, F). O

The following theorem characterizes the way-below relation < in depo (€(U, R, F), C).
Theorem 3.9 Let (U, R, F) be a CF-approzimation space, Ey, Ey € €U, R, F). Then Ey < Ey if and
only if there exists F' € F such that By C R(F) and F C Es.

Proof. =: It follows from E; € €(U, R, F) and Proposition 3.8(2) that Ey = {R(F) | F € F,F C Ey}
and that {R(F) | F € F,F C Ey} is directed. If B} < E», then there exists F' € F such that F' C Es,
E1 C R(F).



136 Representations of Domains via CF-approximation Spaces

<: For any directed family {C;}icr € €(U, R, F), if B C \/,c; Ci = U;e; Ci, then by F' C Ey and the
finiteness of I we know that there exists ig € I such that F' C Cj,. By Proposition 3.7(2) and £y C R(F),
we know that £y C R(F) C Cj,, showing that £ < Es. O

Corollary 3.10 Let (U,R,F) be a CF-approximation space, E € €(U,R,F), F € F. The following
statements hold:

(1) If F CE, then R(F) < E;

(2) R(F) < R(F) if and only if there exists G € F, such that G C R(G) = R(F).

Proof. Follows directly from Theorem 3.9. O
Theorem 3.11 Let (U, R, F) be a CF-approximation space. Then (€(U, R, F), C) is a continuous domain.

Proof. By Proposition 3.7 we see that (¢(U, R, F),C) is a dcpo. Set B = {R(F) | F € F}. Then B is a
base of (€(U, R, F),C) by Proposition 3.8(2) and Corollary 3.10(1). Thus (€(U, R, F), C) is a continuous
domain. O

The following theorem shows that any continuous domain (L, <) can induce a CF-approximation space.

Theorem 3.12 Let (L,<) be a continuous domain, Ry the way-below relation “<” of (L,<); Fr =
{F C¢in L'| F has a top element}. For any F € Fr, let cp be the top element of F. Then (L, Ry, Fr) is
a CF-approximation space.

Proof. By Lemma 2.1, we know that R; =< is transitive. For any F' € Fr, by Lemma 2.8(5), we have
that Rp(F) = [cp. For K Cpy Rp(F) = Jep, by that L is a continuous domain, we know that |cr is
directed. Then there exists x € [cp such that K C |x. It follows from # < cp and Lemma 2.2 that there
is y € L such that 2 < y < ¢p. Thus K C [y. Set G = {y} € Fr. By that K C R.(G) = [y and
G C Ry (F) = Jcr, we have that (L, R, Fy) is a CF-approximation space. O

Theorem 3.13 Let (L, <) be a continuous domain, (L, Ry, Fr) the one constructed in Theorem 3.12.
Then €(L, R, Fr) = {{x |z € L}.

Proof. By the proof of Theorem 3.12 and Proposition 3.7(1), we know that {{x |z € L} C &(L, Ry, FL).
Conversely, let F € €(L, Ry, Fr). Then by Proposition 3.8, there is a directed set D C L such that
E =U{{d|d e D}. Next we prove E = | \/ D. Obviously, £ C [\/ D. Conversely, if z € |\/ D, then by
Lemma 2.2, there is y € L such that + < y < \/ D. So there is d € D such that * < y < d. Thus z €
JdC E,and E = | \/ D. This shows that €(L, Ry, F) C {{z |z € L} and €(L, Ry, F) = {{z |z € L}.0

Theorem 3.14 (Representation Theorem) Let (L, <) be a poset. Then L is a continuous domain iff there
exists a CF-approximation space (U, R, F) such that (L,<) = (€(U, R, F),C)).

Proof. «: Follows directly by Theorem 3.11.

=: If L is a continuous domain, then by Theorem 3.12 we know that (L, Ry, Fr) is a CF-approximation
space. Defineamap f : L — &(L, R, Fr) such that for allz € L, f(z) = [2. Then it follows from Theorem
3.13 and the continuity of L that f is an order isomorphism. O

4 Representations of some special domains
In this section, we add some conditions to CF-approximation spaces, and then discuss representations of
some special types of continuous domains.

Lemma 4.1 Let (L,<) be a continuous domain and B C L a base. If (B,<) is a semilattice (resp.,
sup-semilattice, poset with bottom element, poset with top element, sup-semilattice with bottom element,
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cusl), then (L,<) is a continuous semilattice (resp., continuous sup-semilattic, continuous domain with
bottom element, continuous domain with top element, continuous lattice, be-domain).

Proof. (1) Let (B,<) be a semilattice. For any z,y € L, set D = {aApb|a € {xNB,bec {yn B}
It is easy to show that [z N B and [y N B are directed. Therefore D is directed and \/ D exists. It is
clear that \/ D < \/({zNB) =2, VD <V({yNB)=y. If 2 <x,y, then for any ¢t € [z N B, we have
t<z=\V{rNB),t<y=\({ynB). Therefore there exist t; € {x N B, tz € Ly N B such that
t <ti,t2. Thus t <t Apte. Noticing that t; Apts € D and the arbitrariness of ¢ € |2 N B, we have that
z=\/({#zN B) <\/ D. This shows that \/ D is a greatest lower bound of x,y, namely, x Ay = \/ D. Thus
L is a continuous semilattice.

(2) Let (B,<) be a sup-semilattice. For any z,y € L, set D = {aVpb|a € [N B,bc [yn B}.
Clearly, D is directed and \/ D exists. It is obvious that x,y < \/ D. Let z,y < z. Then for all a € N B
and b € [y N B, we have that a < z, b < 2. By the directedness of |z N B, there exists ¢ € |z N B such
that a,b < t. Therefore a Vp b < t. Noticing that a Vp b € D, we have \/ D < \/({zN B) = 2. This shows
that \/ D is a least upper bound of x,y, namely,  Vy =\/ D. Thus L is a continuous sup-semilattice.

(3)/(4) If L/T is a bottom/top element of (B, <), then L/T is also a bottom/top element of L.

(5) Let (B, <) be a sup-semilattice with bottom element L. Then by (2) and (3), we know that L is a
sup-semilattice with bottom element. Since L is a dcpo, L is a complete lattice. Thus L is a continuous
lattice.

(6) Let (B,<) be a cusl. For any x,y,z € L which satisfy z,y < z, we show that for all @ € [z N B
and b € Ly N B, aVp b exists. By that z,y < 2z, we have a < 2,b < 2. Since B is a base, there exists
c € {zN B such that a,b < c¢. That a Vg b exists by that (B, <) is a cusl. Similar to the proof of (2), we
have that L is a cusl. As L is a continuous domain, we see that L is a bc-domain. O

Theorem 4.2 Let (U, R, F) be a CF-approximation space. If ({R(F) | F € F},C) is a semilattice (resp.,
sup-semilattice, poset with bottom element, poset with top element, sup-semilattice with bottom element,
cusl), then €(U, R, F) is a continuous semilattice (resp., continuous sup-semilattic, continuous domain
with bottom element, continuous domain with top element, continuous lattice, be-domain). Conversely,
any continuous semilattice (resp., continuous sup-semilattic, continuous domain with bottom element,
continuous domain with top element, continuous lattice, be-domain) L is isomorphic to (€(L, Ry, Fr), <)
of corresponding CF-approxzimation spaces, respectively.

Proof. The first half of the theorem follows directly from Theorem 3.11 and Lemma 4.1.

For the second half, let (L, Ry, F1) be the one in Theorem 3.12. Define a map f: L — {R(F) | F €
Fr} such that for all 2 € L, f(z) = . Since L is continuous, f is an order isomorphism. Thus {R(F) |
F € Fr} is a semilattice (resp., sup-semilattice, poset with bottom element, poset with top element,
sup-semmilattice with bottom element, cusl) whenever L is a continuous semilattice (resp., continuous
sup-semilattic, continuous domain with bottom element, continuous domain with top element, continuous
lattice, be-domain). By Theorem 3.13, L is isomorphic to (€(L, Ry, Fr.), C). a

Next, we consider algebraic cases.

Definition 4.3 Let (U, R) be a GA-space, F C Pyin(U)U{0}. If R is a preorder, then (U, R, F) is called
a topological CF-approzimation space.

Remark 4.4 A topological CF-approzimation space must be a CF-approzimation space. In fact, for all
F e Fand K Cyiy, R(F), taking G = F, then by Lemma 2.9 we have K C R(G) and G C R(F'). By
Definition 3.1, (U, R, F) is a CF-approzimation space.

Proposition 4.5 Let (U, R, F) be a topological CF-approzimation space, Ey, Ey € €U, R, F). Then By <
Es iff there exists F € F such that By C R(F) C FEy. Thus K((€(U,R,F),C)) = {R(F) | F € F},Q).
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Proof. It follows directly from Lemma 2.9 and Theorem 3.9. a

Theorem 4.6 Let (U, R, F) be a topological CF-approximation space. Then (E(U, R, F), C) is an algebraic
domain. Conversely, any algebraic domain can be represented by some topological CF-approximation space.

Proof. The first half of the theorem follows from Proposition 4.5 and Theorem 3.8 that (€(U, R, F), Q)
is an algebraic domain.

For the second half, let (L,<) be an algebraic domain. Set (K(L), Rg(r), Fr(r)), Where Fg () =
{F Cpin K(L) | F has top element}, Rg(;) =< is a partial order. Thus (K(L), Rg(r), Fr(r)) 18 a
topological CF-approximation space. For any F' € Fy(r), let cp be the top element of F'. By Lemma

2.8(5), we know that for all F' € F (1, Rg(r)(F) = lepN K (L). Similar to the proof of Theorem 3.13, we
have that €(K (L), Ri(r), Fr(r)) = 4o N K(L) | z € L}. Since L is an algebraic domain, we know that
{denK(L) |z € L},C) = (L,<). The proof is finished. O

Lemma 4.7 Let (L,<) be an algebraic domain. If (K(L),<) is a semilattice, then L is an arithmetic
semilattice.

Proof. For any z,y € L, let D = {a Ag()b|aclzNK(L),belynK(L)}. By Lemma 4.1, we see that
xAy =\ D and L is a semilattice. Next we prove (K (L), <) is a subsemilattice of L. If z,y € K (L), then
TAg(r)y € D and x Ak (r)y is the top element of D. So x Ak 1)y = \V/ D = x Ay. Hence TAK(L)Y =TNY.
This shows that (K (L), <) is a subsemilattice of L, and L is an arithmetic semilattice. 0

Theorem 4.8 Let (U, R, F) be a topological CF-approzimation space. If poset {R(F) | F € F},C) is a
semilattice, then (€(U, R, F),C) is an arithmetic semilattice. Conversely, any arithmetic semilattice can
be represented in this way.

Proof. The first half of the theorem follows directly from Theorem 4.6 and Lemma 4.7.
For the second half, let L be an arithmetic semilattice and (K (L), Rg(r), Fx(r)) be the one in Theorem
4.6. Therefore (K (L), Rk (1), Fi (L)) is a topological CF-approximation space. For Fy, Fy € Fg (r), then

Ry (F1) = lep, N K(L), Rg(r)(F2) = Jep, N K(L). Since L is an arithmetic semilattice, we know that

cp Nep, = ¢ € K(L). So Ryry(F1) N Rg(ry(F2) = JeN K(L). This shows that there exists {c} € F,

such that Rpry(F1) A Rpry(F2) = Ryry({c}). This shows that { Ry ) (F) | F' € F} is a semilttice. By
Theorem 4.6, we see that the second half of the theorem holds. O

5 CF-approximable Relations and Equivalence of Categories

In this section, we define and study CF-approximable relations between CF-approximation spaces and
prove that the category of CF-approximation spaces and CF-approximable relations is equivalent to the
category of continuous domains and Scott continuous maps.

Definition 5.1 Let (U, Ry, F1), (U2, Ro, F2) be CF-approximation spaces, and OC Fi X Fo a binary
relation. If

(1) for all F € Fy, there is G € Fa such that F © G;

(2) for all F,F' € Fi, G e Fa, if F CR((F'), F © G, then F' © G;

(3) forall F € Fi, G,G' € Fa, if FO G, G' C Ry(G), then F © G';

(4) forall F € Fi, G € Fo, if F © G, then there are F' € Fy, G' € F» such that F' C Ry (F), G C Ry(G")
and F' © G'; and

(5) forall F € Fi, G1,Gy € Fa, if F © G1 and F © Gy, then there is G3 € Fy such that G1UGy C Ro(G3)
and F © Gs,
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then © is called a CF-approzimable relation from (Uy, Ry, F1) to (Ua, Ra, F2).

Proposition 5.2 Let © be a CF-approximable relation from (U, Ry, F1) to (Us, Ra, F2). Then for all
F e F1,G € Fy, the following statements are equivalent:

(1) FOaG;

(2) There exists F' € Fi such that F' C Ry(F) and F' © G;

(3) There exists G' € Fy such that F © G’ and G C Ro(G');

(4) There exist F' € F; and G' € Fy such that F' C Ry(F), G C Ro(G') and F' © G'.

Proof. Follows directly from Definition 5.1(2)-(4). O

Let © be a CF-approximable relation from (Uy, Ry, F1) to (U2, Rz, F2). For all F' € Fi, set é(F) =
U{R2(G) | F © G and G € Fy}. Define a map fo : €Uy, Ry,F1) — P(Uz) such that for all E €
¢(U1,R1, F1), fo(E) = {O(F) | F C E and F € Fi}.

Proposition 5.3 Let © be a CF-approximable relation from (Uy, Ry, F1) to (Us, Re, F3), F € F1, E €
&(Uy, Ry, F1). Then the following hold:

(1) {R2(G) | FO© G and G € Fo} is directed;

(2) O(F) € €(Us, Ry, F»);

(3) Forany F € Fr. fo(Ra(F)) = O(F);

(4) {@( )| F C E,F € Fi} is directed and fo(F) € €(Ua, Ry, F2).

Proof. (1) By Definition 5.1(1), we know that {R2(G) | F © G,G € F»} is not empty. By Definition
5.1(5) and Lemma 3.2, we know that {R2(G) | F © G,G € Fa} is directed.

(2) Follows directly from (1) and Proposition 3.7(1).

(3) It is easy to check that

fo(Ri(F)) = U{B(F") | F' C Ri(F),F’ € F1}

G) | F/ € F1,G € Fo, F' CR{(F) and F’ © G} (by the definition of O(F"))
G)| G € Fo, F © G} (by Proposition 5.2)

= O(F) (by the definition of O(F)).

(4) Firstly, we show that {O(F) | F C E,F € F} is directed. Let Fy,Fy € Fy. If Fy,F, C E, then
by Proposition 3.8(4), there exists F3 € F; such that F} U Fy» C Ri(F3) C E. And by Definition 5.1(2),
it is easy to deduce that O(F), O(F,) C O(F;). This shows that the family {O(F) | F C E,F € F,} is
directed. Noticing that fo(E) = [J{O(F) | F C E,F € Fi}, by (2) and Proposition 3.7(3), we have that
fo(E) € €(Us, Ry, F3). O

Proposition 5.3 shows that fg can be seen as a map from €(Uy, Ry, F1) to €(Us, R, F2).

Proposition 5.4 Let © be a CF-approzimable relation from (Uy, Ry, F1) to (Ua, Ry, F2) , F € Fi, G € Fo.
Then G CO(F) < F O G.
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Proof. It is easy to check that

GCO(F) & GCU{R(G) | FOG.GeR)
& 3G € Fyst. F O G',G C Re(G') (by Proposition 5.3(1) and the finiteness of G)
< F © G (by Proposition 5.2). 0

Theorem 5.5 Let © be a CF-approzimable relation from (U, Ry, F1) to (Us, Re, F2). Then fo is a Scott
continuous map from €Uy, Ry, F1) to €(Us, Ra, F2).

Proof. It follows from the definition of fg that fg is order preserving. In order to prove fg is Scott
continuous, by Proposition 3.7(3), it suffices to show that for any directed family {F;};c; C €(Uy, Ry, F1),

we have fo(U;c; £i) = User fo(E;). In fact,

foUier Ei) = U{OWF) | F C Ujer Ei. F € Fi}
= Uies(U{O(F) | F C E;, F € F1}
(by the finitness of F' and the directedness of {FE;}icr)
= U,er fo(E;) (by the definition of fo(E;)).
Theorem 5.5 shows that a CF-approximable relation between CF-approximation spaces can induce a
Scott continuous map between continuous domains. Conversely, a Scott continuous map between relative

continuous domains can also induce a CF-approximable relation between CF-approximation spaces as
follows.

Theorem 5.6 Let f : &(Uy,Ry,F1) — €(Us, Ry, F2) be a Scott continuous map between CF-
approzimation spaces (U1, Ri, F1) and (U, Ro, F2). Define © yC Fi x Fa such that

O

VFG.Fl,GG.FQ,F@fG@Ggf(R_l(F)).

Then Oy is a CF-approximable relation from (Ui, Ry, Fi) to (U, Ro, F2).

Proof. It follows from f(R;(F)) € €(Us, R, F2) and Definition 3.3 that O satisfies Definition 5.1(1).
To check that O satisfies Definition 5.1(2), let F, F' € i, G € F». Then

(Ri(F)) (by the definiton of ©y)
(R1(F")) (by Lemma 3.2 and the order preservation of f)

To check that O satisfies Definition 5.1(3), let F' € Fi, G, G’ € F,. Then

FO; GG CRy(G)
= G C [(Ri(F)),G" € R2(G)
= G' C Ry(G) C f(Ry(F)) (by Proposition 3.7(2) and f(R1(F)) € &(Us, Ry, F>))
= G C f(R(F) & FO;G.
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To check that O satisfies Definition 5.1(4), let F' € Fy, G € Fo. If F ©5 G, then G C f(R(F)). By
Proposition 3.7, 3.8(2) and the Scott continuity of f, we know that
(%) FRL(F) = ULF(Ra(FY)) | F' € Ri(F), F € Fu}
Therefore we have that
G C f(Ri(F)) = 3G’ € Fy, s.t. G C Ry(G') and G’ C f(R1(F)) (by Definition 3.3)
= IF' € F1,G' € Fy, s.t. G C Ry(G'), F' C Ry (F) and G’ C f(Ry1(F"))
(by equation (x) and the finiteness of G')
= JF' € F1,G' € Fa, s.t. G C Ry(G'), F' C Ry (F) and F' ©; G’
(by the definition of ©).

To check that O satisfies Definition 5.1(5), let F' € Fq, G1,Ga € Fo. f F ©5 Gy and F O G2, then
G1UGy C ﬁRl(F)) By Definition 3.3 and L(Rl(F)) € €(Uy, Ro, F2), there exists G3 € Fy such that
G1 UG C Ry(G3) C f(Ri(F)) and G5 C f(R1(F)). So F © G3, showing that O satisfies Definition
5.1(5). 0

Theorem 5.7 Let f : €(Uy, Ry, F1) > €(Uz, Re, F2) be a Scott continuous map between CF-
approximation spaces (U1, Ry, F1) and (U, Ry, F2), © a CF-approximable relation from (Ui, Ry, F1) to
(U27R27-F2)- Then @f@:@ and f@f = f

Proof. Let F € F1,G € F». Then by Propositions 5.3(3) and 5.4, we have
(F,G) €0,= G C fo(Ri(F)) = O(F) & (F,G) €6,

showing that © s, =0.
For any E € €(Uy, Ry, F), we have that

fo,(E) = U{O;(F) | F C B and F € F}

= U{R2(G) | F € F1,G € o, F C E and F ©; G}

= U{R:(G) | Fe F1,G e Fo, FC E and G C f(Ri(F))}
= U{/(
= f(U
= f(E).

F)) | F e Fi,F CE} (by Proposition 3.8(2))

Ri(
Ry(F) | FeF,FCE}) (by Scott continuity of f)

This shows that fo, = f. O

Given a CF-approximation space (U, R,F), define the identity on (U, R,F) to be a binary relation
Id(U,R,]—') C F X F such that for all F,G € F, (F, G) S Id(U,R,]—') & G C E(F)

Let (Ui, R1,F1), (Ua, Re, F2), (Us, R, F3) be CF-approximation spaces, OC F; x Fa, TC Fy x F3
be CF-approximable relations. Define T o ©C F; x F3, the composition of T and © by that for any
Fy € F,F3 € F, (F1,F3) €Y o © iff there exists Fy € F; satistying (Fy, Fy) €0 and (Fy, F3) €Y.

It is a routine work to check that Id ;g 7) is a CF-approximable relation from (U, R, F) to itself. Thus,
CF-approximation spaces as objects and CF-approximable relations as morphisms with the identities and
compositions defined above, form a category, and denoted by CF-GA.
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Let CDOM be the category of continuous domains and Scott continuous maps. We next show that
categories CF-GA and CDOM are equivalent.

Lemma 5.8 ([1]) Let C,D be two categories. If there is a functor ® : C — D such that

(1) @ is full, namely, for all A, B € 0b(C), g € Morp(®(A), ®(B)), there is f € Morc(A, B) such that
(f) = g;

(2) @ is faithful, namely, for all A,B € ob(C), f,g € Morc(A, B), if f # g, then ®(f) # ®(g);

(3) for all B € ob(D), there is A € ob(C) such that ®(A) = B,
then C and D are equivalent.

Theorem 5.9 The categories CF-GA and CDOM are equivalent.

Proof. Define ¥ : CF-GA— CDOM such that for all (U R,F) € ob(CF-GA), V((U,R,F)) =
(€(U, R, F),C) € ob(CDOMY); for all ©c Mor(CF-GA), ¥(0) = fo € Mor(CDOM).

Give a CF-approximation space (U, R, F), for any E € €(U, R, F), we have

V(Idw,rr7)(E) = fidwpr ()
= U{R(G) | F,G e F,F CFE and (F,G) € ldy,r 5}
= U{R(G) | F,G € F,F C E and G C R(F)}
= {R(F)| F e F,F C E} (by Proposition 3.7(1) and 3.8(2))
= F (by Proposition 3.8(2))

= idgw,r,F)(E).
This shows that W(Id(U,R,]:)) = idC(U,R,]:)'

Let ©C Fy x Fa, TYC Fy x F3 be CF-approximable relations. Then for any E € €(U, R, F), we have

W(Y) 0 W(O)(E) = fr(fo(E))

— U(T(F) | F C fo(E). F € F»)

= {Rs5(G) | FC fo(E),F € F5,G € Fs and F Y G} (by the definiton of T)

= {R3(GQ) | L€ F1, [ CE,G € Fo, F1 © G1,F C Ry(G1),F € Fo,G € Fyand F Y G}
(by the definiton of fg(F), Proposition 5.3(1), Theorem 5.5 and finiteness of members in F3)

= U{R3(G) | FL € F1,F, CE,Gy € F2,F; © G1,G € F3 and G, T G}
(by F C Ry(G4), F T G, and Definition 5.1(2))

= U{R3(G) | FL € F1,FA CE,G € F3 and (F1,G) €Y 0O} (by F1 © Gy and G1 T Q)

= U{m(Fl) | Fy € F1,F1 C E} (by the definition of m(Fl))

= froo(E) =¥ (T 0 ©)(E).

This shows that ¥ (Y1) o ¥(©) = ¥(Y o ©), and thus ¥ is a functor.

To show that CF-GA is equivalent to CDOM, it suffices to check that W satisfies the three conditions
in Lemma 5.8.
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Let (Ui, Ry, F1), (U, Ry, F2) be CF-approximation spaces, ©1, 05 be CF-approximable relations from
(U1, Ry, F1) to (Ua, R, Fa). If ©1#0,, then by Theorem 3.14 we know that @1:@f@17é(9f®2:@2 . Thus
fo, # fo,, showing that V¥ is faithful.

Let f : €Uy, Ri, F1) — €(Us, Ra, F2) be a Scott continuous map, by Theorem 3.14, there is © ;€
Mor(CF-GA) such that ¥(©y) = fo, = f, showing that ¥ is full.

It is clear by Theorem 3.14 that ¥ satisfies the condition (3) in Lemma 5.8. O

Similarly, we can also establish categorical equivalences between the category of algebraic domains
with Scott continuous maps as morphisms and the category of topological CF-approximation spaces with
CF-approximable relations as morphisms. We leave the details to the interested readers.

6 Conclusions

This paper generalizes abstract bases to CF-approximation spaces and generalizes the family of round ide-
als of an abstract basis to the family of CF-closed sets of a CF-approximation space. Thus a representation
method of various continuous domains including continuous semilattices, continuous sup-semilattices, con-
tinuous domains with bottom, continuous domains with top, continuous lattices, bc-domains, algebraic
domains and arithmetic semilattices in the framework of rough set theory is obtained. CF-approximable
relations between CF-approximation spaces are defined, and categorical equivalence between categories
CF-GA of CF-approximation spaces and continuous domains and CDOM of continuous domains and
Scott continuous maps is established. This work strengthens the links among rough set theory, domain
theory and topology, and widens the scope of application of rough set theory and domain theory.
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