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Abstract

In this paper, as a common generalization of SI2-continuous spaces and s2-quasicontinuous posets, we introduce the concepts
of SIz-quasicontinuous spaces and GD-convergence of nets for arbitrary topological spaces by the cuts. Some characterizations
of SI>-quasicontinuity of spaces are given. The main results are: (1) a space is SIz-quasicontinuous if and only if its weakly
irreducible topology is hypercontinuous under inclusion order; (2) A To space X is SIz-quasicontinuous if and only if the
GD-convergence in X is topological.
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1 Introduction

The theory of continuous lattices and domains which arose from computer science and logic, is based on
the investigation of directed complete posets (dcpos, for short) in which every directed set has a least
upper bound. Since there are important mathematical models where arise posets such as the reals R and
the naturals N which fail to be dcpos, there is an attempt to carry as much as possible of the theory of
continuous lattices to as general an ordered structure as possible (see [14,13,18,15,17,21,23,24]). Moreover,
Erné pointed out the importance of the concept of standard completions [4,5,6] in the context of generalized
continuous posets. In the absence of enough joins, Erné introduced the concept of so-continuous posets
and the weak Scott topology by means of the cuts instead of joins (see [4]), whence they easily apply
to generalized settings where certain joins are missing. Quasicontinuous domains introduced by Gierz,
Lawson and Stralka [8] capture many of the essential features of continuous domains and pop up from
time to time generalizing slightly the powerful notion of continuous domains. Recently they have attracted
increased attention through the remarkable work of J. Goubault-Larrecq (see [12]). As a generalization
of sg-continuity, the concept of sy-quasicontinuity was introduced in [24] by Zhang and Xu, their basic
idea is to generalize the way-below relation between the points to the case of sets. It was proved that ss-
quasicontinuous posets equipped with the weak Scott topologies are precisely the hypercontinuous lattices.
It is well known that given a topological space one can also define ordered structures (see [5,11,7,25]). At the
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6th International Symposium in Domain Theory, J.D. Lawson emphasized the need to develop the core of
domain theory directly in T} topological spaces instead of posets. Moreover, it was pointed out that several
results in domain theory can be lifted from the context of posets to T topological spaces (see [7,25,2,3]).
In [7], Erné further proved that the weak Scott topology is the weakest monotone determined topology
with a given specialization order. In [11], the concept of S-convergence for dcpos was introduced by Scott
to characterize continuous domains. It was proved that for a dcpo, the S-convergence is topological if
and only if it is a continuous domain. The strong interplay between order theory and topology is often
exhibited by the use of different types of convergence; in particular, various notions of continuity of ordered
structures can be characterized in this way. In [25], Zhao and Ho defined a new way-below relation and a
new topology constructed from any given topology on a set using irreducible sets in a Ty topological space
replacing directed subsets and investigated the properties of this derived topology and k-bounded spaces.
It was proved that a space X is SI-continuous if and only if ST(X) is a C-space.

In this paper, we introduce the concepts of SIs-quasicontinuous spaces and GD-convergence of nets
for arbitrary topological spaces by the cuts. Some characterizations of SIs-quasicontinuity of spaces are
given. We show that a space is Sls-quasicontinuous if and only if its weakly irreducible topology is
hypercontinuous under inclusion order. Finally we arrive at the conclusion that a Ty space X is Sis-
quasicontinuous if and only if the GD-convergence in X is topological.

2 Preliminaries

Let P be a partially ordered set (poset, for short). A nonempty set D C P is directed if for any dy, ds in
D there exists d in D above d; and dg. For AC P, 1t A={x € P:a < x for some a € A}. A subset A
of P is an upper set if A =1 A. The order dual concepts are | A and lower set. AT and A% denote the
sets of all upper and lower bounds of A, respectively. A cut 6 of A in P is defined by A° = (AT)+. We say
that a nonempty family G of sets is directed if given G1, G2 in the family G, there exists G € G such that
G1, Go < G, ie., G CT1G1N 1 Go. For nonempty subsets ' and G of P, we say F' approximates G if for
every directed subset D C P, whenever \/ D exists, \/ D €1 G implies d €1 F for some d € D. A dcpo P
is called a quasicontinuous domain if for all € P, 1 is the directed (with respect to reverse inclusion)
intersection of sets of the form 1 F', where F' approximates {z} and F is a finite set of P. Let P(<@) he
the set of all nonempty finite subsets of P.

Given a poset P, we can generate some intrinsic topologies. The upper sets form the Alexandroff
topology a(P). For all directed sets D of P, the weak Scott topology o2(P) consists of all upper sets U such
that DY NU # () implies DNU # (). Obviously if P is a dcpo, then the weak Scott topology coincides with
the usual Scott topology o(P), which consists of all upper sets U such that \/ D € U implies DNU # () for
all directed sets D in P. For x € P, the topology generated by the collection of sets P\ |« (as a subbase)
is called the upper topology and is denoted by v(P). It is easy to see that v(P) C o9(P) C o(P) C a(P).

For a topological space (X, 7), the specialization order < on X is defined by y < z if and only if y €
cl({z}). If (X,7) is Ty then the specialization order is a partial order. The specialization order on X is
denoted by <. if there is need to emphasize the topology 7. Keep in mind that the specialization order of
the Alexandroff topology on a poset coincides with the underlying order.

Let (X, 7) be a topological space. A nonempty subset F' C X is called irreducible if for every closed
sets B and C, whenever F' C B|JC, one has either F' C B or F' C C'. The set of all irreducible sets of the
topological space (X, 7) will be denoted by Irr-(X) or Irr(X).

Unless otherwise stated, in the context of Ty spaces, all order-theoretic concepts such as lower sets,
upper sets, etc, are taken with respect to the specialization order of the underlying spaces.

Lemma 2.1 Let (X, 7) be a Ty space.

(1) If D C X is a directed set with respect to the specialization order, then D is irreducible;

(2) If U C X is an open set, then U is an upper set; Similarly, if F C X is a closed set, then F is a
lower set.

Definition 2.2 ([4,24]) Let P be a poset and z € P, A, B C P.
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(1) We say that A is way below B and write A < B if for all directed sets D C P, BN D% # () implies
AND # 0. We write A < x for A < {2} and y < B for {y} < B. Let w(z) = {F € P(<¥) : F <« 2},
lx={yeP:y<uz}

(2) P is called sy-continuous if for all x € P, z € ({2)° and |}z is directed.

(3) P is called sy-quasicontinuous if for each x € P, tx = ({1 F : F is finite, FF < = } and w(x) = {1
F C P: Fis finite and F < z} is directed.

Definition 2.3 ([25]) Let (X, 7) be a Ty space. For x,y € X, define x < g5 y if for all irreducible sets F,
y < \/ F implies there exists e € F' such that x < e whenever \/ F' exists. The set {y € X : y <g5 x} is
denoted by s = and the set {y € X : x <g5 y} by 51 2.

Definition 2.4 ([16,20]) Let (X, 7) be a Ty space and z,y € X. Define = <, y if for every irreducible set
E, y € E° implies there exists e € E such that x < e. We denote the set {y e X :y <, z} by |, z and
the set {y € X : z <, y} by 1, z.

Definition 2.5 (]20]) Let (X, 7) be a T space. X is called SIy-continuous if the following conditions are
satisfied:

(1) |y z is directed for all x € X;
(2) = € (I, ) for all z € X;
(3) trzerforall x € X.

Definition 2.6 ([16,20]) Let (X, 7) be a Ty space. A subset U C X is called weakly irreducibly open if
the following conditions are satisfied:

(1) U e ;

(2) FCOU #  implies F(U #  for all F €lrr,(X).

It is easy to check that the set of all weakly irreducibly open sets of (X, 7) is a topology, which will be
called weakly irreducible topology of X and will be denoted by 7g7,(X). SIx(X,7) = (X, 751,(X)) denotes
the weakly irreducible topological space.

The following lemma is the well-known Rudin Lemma.

Lemma 2.7 ([11]) Let F be a directed family of nonempty finite subsets of a poset P. Then there exists

a directed set D C |J F such that DNF #( for all F € F.
FeF

Definition 2.8 ([20]) Let (X, 1) be a T space. A net (z;);cs in X is said to converge to z € X if there
exists a directed set D C X with respect to the specialization order such that

(1) = € D;
(2) For all d € D, d < x; holds eventually.

In this case we write z =plim ;.

3 Sl,-quasicontinuous spaces

In this section, the concept of SIs-quasicontinuous spaces is introduced. Some properties of Sis-
quasicontinuous spaces are discussed.

Definition 3.1 ([16]) Let X be a Tp space and z € X, A, B C X. We say that A is way below B and
write A <, B if for all irreducible sets £ C X, BN E% # () implies AN E # (. We write A <, z for
A <, {2z} and y <, B for {y} <, B. The set {x € X : A <, x} is denoted by 1, A.

Definition 3.2 A Tj space (X, 7) is called SIy-quasicontinuous if for all x € X, the following conditions
are satisfied:
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(1) w(z)={FC X:Fec X and F <, z} is directed;
(2) T2 = {1 F : F € w(a));
(3) For any H € X(<¥) 4, H € 7.

The following proposition is simple and the proof is omitted.

Proposition 3.3 Let X be a Ty space and G, H, K, M C X. Then

(1) Gk H& G, h forallh € H;

(2) G« HET G, H;

3) G« H=G<H, thatis, T H 1 G. Hence t HC({t F: F € w(H)}.
4 GESH<, K<M=G<, M.

Clearly, an SIs-continuous space must be Sls-quasicontinuous, but the converse may not be true.

Example 3.4 Let P = {a} U {a, : n € N}, where N denotes the set of all positive integers. The partial
order on P is defined by setting a,, < a1 for alln € N, and a1 < a. Then P endowed with the Alexandroff
upper topology is an SIs-quasicontinuous space which is not SI>-continuous.

Lemma 3.5 Let P be a poset. Then SIz(P,a(P)) = (P,o2(P)).

Remark 3.6 (1) Let P be a poset. Then P is an ss-quasicontinuous poset if and only if it is an STs-
quasicontinuous space with respect to the Alexandroff topology.

(2) Let (X, 7) be a T space. If X is an SIs-quasicontinuous space, then it is also an so-quasicontinuous
poset under the specialization order. But the converse may not be true.

Example 3.7 Let X be an infinite set with a cofinite topology 7. Then it is a T} space. Clearly it
is an antichain under the specialization order, and hence it is an so-continuous poset. Thus it is also
sg-quasicontinuous. But ft, z = {z} & 7 for all z € X, then (X, 7) is not an SI-quasicontinuous space.

Lemma 3.8 ([16]) Let F be a directed family of nonempty finite sets in a Ty space X. If G <, x with
(F Ct x then there exists some F € F such that F C1 G.

We now derive the interpolation property of SIs-quasicontinuous spaces.
Theorem 3.9 Let X be an Sls-quasicontinuous space. Then
(1) Forz € X,F <, x implies that there exists some G € w(x) such that F <, G <, x.
(2) For any F,H € X(<W) P <, H implies that there exists some G € X(<¥) such that F <, G <, H.
(3) Forall F € X(<%) E ¢ Irr(X), F <, E° implies that there exists some e € E with F <, e.

Proof. (1) The statement has been proved for quasicontinuous domains in [3, Proposition I1I-3.5], and
the similar proof carries over to this setting.

(2) Forall H € P(<¥), F C X, if F <, H, then for all h € H, F <, h by Proposition 3.3. By (1), there
exists a finite set Gp, such that F <, G, <z h. Let G = |J Gp. Then G € P9 and F <, G <, H.

heH
(3) For all F € X(<¥) E e Irr(X), if F <, E°, then there exist G, H € X(<%) such that F <, G <,
H <, E°. Hence there are g € G,e € E with g < e. Clearly, F <, ¢, and then F <, e. a

Proposition 3.10 Let (X, 7) be an SIy-quasicontinuous space.
(1) For any H € X(<¥) 4, H=intr,  TH.

(2) A subset U of X is weakly irreducibly open iff for each x € U there exists a finite F <, x such that
TFCU.

(3) The sets {ft, F : F € X(<“)} form a basis for TSIy(X)-
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Proof. (1) Suppose that H is a nonempty set in X. It is easy to show that z'ntTSIQ(X) TH )y H.
Conversely, we show that ft, H € 7gr,x). Obviously, f, H € 7. For all irreducible sets £ C X, if

ESn 1, H # 0, i.e., there exists e € E°N 4, H, then there exists a F' € X(<%) such that H <, F <, e by
Theorem 3.9. Since e € E°, 1 F N E # (), i.e., there exists some y €t FNE. Thus y eft, HNE # 0 by
Proposition 3.3. So . H € Tgr,(x). Since f, H CTH, f, H C z'ntTSIQ(X) TH.

(2) Let U € 751,(x), ¢ € U. By the definition of the weakly irreducibly open set, we have U < z, so

by Theorem 3.9, there exists F' € X (<w) such that U <, F <, . Thus 1 F C U. Conversely, suppose
that the condition is satisfied, we have U = U{f}, F : F € X(<¥) ¢+ F C U}. Since the space X is
SI,-quasicontinuous, so U € 7. For all irreducible sets E C X, if UNE® # 0, then there exists y € U N E°.
By hypothesis, there exists a finite G <, y such that 1G C U. Therefore, ENU 2 EN1G # (. Thus U
is weakly irreducibly open.

(3) Let U € Tspy(x)- By (2), we have U = U{ft, F : F € X(<¥) 4+ F C U}. By (1), 1 F € Tsp,(x) for
all F € X(<9). Thus the sets {{, F : F € X(<“)} form a basis for TSIH(X)- 0

Definition 3.11 ([10]) For a complete lattice L, define a relation < on L by # <y < y € inty) To. L
is called hypercontinuous if x = \/{u € L : u < x} for all x € L.

Now we give the topological characterizations of SIs-quasicontinuous spaces.

Theorem 3.12 For a Ty space X, the following statements are equivalent:
(1) X is an SIy-quasicontinuous space;

(2) Forallz € X and U € 751,(X), x € U implies that there exists F € X(<%) such that = € intrg, (x) T
FCtFCU;
(3) (7s1,(X)), Q) is a hypercontinuous lattice.
Proof. (1) = (2): It follows from Proposition 3.10.
(2) = (1): Forallz € P, let F={F ¢ P<*) .z ¢ intrg, (x) TF}. Since X € 751,(X), it follows from
(2) that there exists F' € X(<%) such that = € int (x) TF CtF C X. Then F € F # . Obviously

TSI,
te C () 1F Ifz £y thenz € X\ Ly € 795,(X). By (2), there exists F' € X(<%) guch that
FeF
T € intrg, (X) TFCtF C X\ ]y. Then F € F and y ¢1F. Thus tz = (| TF. Now we show that F is

FeF
directed. Let Iy, Iy € F, we have x € intTSIQ(X) TFL N intTSIQ(X) 1T Fy € 7s1,(X). Again from (2), there
exists F € X (<) such that @ € intr, (x) TF CTF Cintrg, (x) TFiNint.g, (x) TF CTFANTF. Thus we
have that F is directed and F' € F. By the definition of 757,(X), F' <, z for all F' € F, and then F C w(x).

By Lemma 3.8, it is not difficult to show that w(z) is directed. So t= C (| 1F C () 1F =tz
Few(zx) FeF

(2) & (3): It follows from Lemma 2.2 of [22]. 0

4 GD-convergence in SI,-quasicontinuous spaces

In this section, the concept of GD-convergence in a poset is introduced. It is proved that the Ty space X
is SI>-quasicontinuous if and only if the GD-convergence in X is topological.

Definition 4.1 Let X be a Tj space and (z;)jes a net in X. F C X is called a quasi-eventual lower
bound of a net (z;);cs in P, if F'is finite and there exists k € J such that z; €1 F for all j > k with
respect to the specialization order.

Definition 4.2 Let X be a T space and (z;);cs a net. We say x € X is a GD-limit of the net (z;);es if
there exists a directed family F = {F' C X : F is finite} of quasi-eventual lower bounds of the net (z;);cs
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in X with respect to the specialization order such that (.7 T F C1 2. In this case we write x =gplim
l‘j.

Lemma 4.3 Let X be a Ty space and (z;)jes a net in X. If x =plim x; then x =gplim x;.
Proof. Let X be a Tj space and (z;)icr a net with  =plim z;. Then there is a directed set D of an

eventual lower bounds of a net (z;);c; with € D°. Let F = {{d} : d € D}, then F is a directed family
of a quasi-eventual lower bounds of a net (z;);e; and DT = ({td:d € D} Ct 2. Thus  =gplim z;. O

Remark 4.4 Let X be a Tj space and (z;);jes a net in X. If x =gplim z; then we may not have x =plim
Zj.

Example 4.5 Let P =NU({T,z}, where N denotes the set of all natural numbers. The order < on P is
defined as follows (see Figure 1):

(1) Vee P,x < TT;

(2) Yo,y € Nz <y if z is less than or equal to y according to the usual order on natural numbers.

Fig. 1. A GD-limit of a net for which is not a D-limit.

Then (P, a(P)) is SIy-quasicontinuous but not SIls-continuous. Also for all n € N,{z,n} < z and
T2 =\hen T {2, n}. Let 22, = n,22,41 = 2, then (z;)en is a net and {z,n} is a quasi-eventual lower
bound of it. Hence z =gplim z,,. It is not difficult to check that z < x,, does not hold eventually. Thus z
is not a D-limit of the net (x;,)neN.

Proposition 4.6 Let F be a directed family of nonempty finite sets in a Ty space X. If x € U € 751,(X)
and Nper T F €t x, then F CU for some F € F.

Proof. Suppose not, then the collection {F\U : F € F} is a directed family of nonempty finite sets. By
Lemma 2.7, there is some directed set D C |J{F\U : F € F} such that DN (F\U) # 0 for all F € F.
Then DT = Nyep T d € Nper T (F\U) € Nper T F St 2. Thus z € (DT)¥ = D°. Now we have
x € D'NU # 0, and hence D NU # () by the definition of the weakly irreducibly open set. This implies
d € U for some d € D, which contradicts the fact that d belongs to some F\U which is disjoint from U.O

Now we derive the GD-convergence in the SI>-quasicontinuous space is topological.

Proposition 4.7 Let X be an SIy-quasicontinuous space. Then x =gplim x; if and only if the net (x;)cs
converges to the element x with respect to the topology Tsr,(X). That is, the GD-convergence is topological.

Proof. Let X be SIy-quasicontinuous. Suppose first that © =gplim z; and € U € 751,(X). Then there
exists a directed family F = {F C X : F is finite} of a quasi-eventual lower bounds of the net (x;);cs
in X with respect to the specialization order such that (), T F Ct z. By Proposition 4.6, there exists
some F' € F such that ' C U. Thus there exists jo € J such that x; €t F C U for all j > jo. This
shows that the net (z;);es converges to the element x with respect to the topology 7g1,(X). Conversely,
we suppose that the net (z;);es converges to an element x with respect to the topology 75z, (X). Since

X is SIy-quasicontinuous, there exists a directed family w(z) = {F C X : F € X(<¥) and F <, z} and
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te={1F:Fcw)}. Forall F e w(x),let Up ={y€ X : F <, y}. Then z € Up and Ur € 757,(X)
by Proposition 3.10, and hence z; € Ur eventually holds, that is to say, there exists jo € J such that
F <, x; for all j > jo which implies z; €T F. Moreover since w(x) is directed, and then one has z =gplim
;. O

The converse is also true.

Proposition 4.8 Let (X,7) be a Ty space. If the GD-convergence with respect to the topology Tsr,(X) is
topological, then X is Sh-quasicontinuous.

Proof. Suppose that the GD-convergence with respect to the topology 7sr,(X) is topological. For any
x € X, let J={(U,n,a) € N(x) x Nx X : a € U}, where N(z) consists of all weakly irreducibly open
sets which contain z, and define an order on J as follows: (U,m,a) < (V,n,b) if and only if V is proper
subset of U or U = V and m < n. Obviously, J is directed. Let z; = a for all j = (U,m,a) € J. Then
it is not difficult to check that the net (x;)jes converges to the element x with respect to the weakly
irreducible topology 7sr,(X), and hence  =gplim ;. Thus it concludes that there is a directed family
F ={F C X : F is finite} of a quasi-eventual lower bounds of the net (z;);e; in X with respect to
the specialization order such that (\pcr T F Ct 2. Now we prove that (1) for all F € F,F <, x;
) per T F =t .

(1) Let E C X be irreducible with z € E?. Since F is a quasi-eventual lower bound of the net (x)jer,
there is jo = (U,m,a) € J such that z; €T F for all j = (V,n,b) > jo. Notice z € U, so ENU # 0, and
then ENU # (. Pickee ENU. Set i = (U,m+ 1,¢e), then i > (U, m,a) = jo. Thus e = z; € F, that is,
F <, x.

(2) We only need to show that T 2 C (\pcr T F. Suppose not, then there exists y > = but y ¢
Nrer T F, that is, there exists F' € F with y ¢t F. And then T F C X\ | z. Again since F' is a
quasi-eventual lower bound of the net (z;);c;, there exists jo = (U,m,a) € J such that z; € F for
all j = (V,n,b) > jo. Now we have x € U. Set i = (Uym + 1,z), then i > (U,m,xz) = jo. Thus
x =ux; €T F C X\ | z, a contradiction. Finally, it claims that {}, H € 7 for all nonempty finite sets
H C X. Indeed, if y €}, H, then there exists a nonempty finite set K C X such that H <, K <, y by
Theorem 3.9. From the above argument, as long as we replace J = {(U,n,a) € N(z) x Nx X :a € U}
with I = {(U,n,a) € N(y) x Nx X : a € U}, where N(y) consists of all weakly irreducibly open sets
containing y, similarly we have that (x;);c; converges to y with respect to the topology 75r,(X), and then
there exists directed family G = {G C X : G is finite} of a quasi-eventual lower bounds of the net (x;);cs
in X with respect to the specialization order such that (;cg TG €1 y. Note that K < y. By Lemma
3.8, there exists G € G such that G C1 K. By the convergence of the net, there exists ig = (U1, m,a) such
that z; = b €1 G for all i > iy, where Uy € 7g7,(X). In particular, we have (U;,m+ 1,u) > (U1, m,a) = iy
for all w € U;. We conclude that v €1 GG, and hence U; CT G. Next we show that Uy Cf. H. Let v € Uy
and E € Irr(X) with v € E° NU;. Since U] is weakly irreducible open, then ENU; # (). Pick e € ENU].
And then we havee € ENU; C ENTG C ENt K C ENt H. Thus we have H <, u, and hence we have
y € Uy Cf H. This shows that 1}, H € 7. Hence X is SI>-quasicontinuous. O

From Proposition 4.7 and Proposition 4.8 we have:

Theorem 4.9 Let X be a Ty space. Then the following statements are equivalent:
(1) SIy-quasicontinuous space;

(2) The GD-convergence with respect to the topology Tsr,(X) is topological, that is, for all x € X and
all nets (z5)jes in X, © =gplim x; if and only if (x);cs converges to x with respect to the weakly
wrreducible topology.

Corollary 4.10 ([26]) Let P be a dcpo. Then the following conditions are equivalent:
(1) P is a quasicontinuous domain;

(2) S*-convergence in P is topological for the Scott topology o(P), that is, for all x € P and all nets
(xj)jes in P, (z;)jes S*-converges to x if and only if (x;)jes converges to x with respect to the Scott
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topology.
Corollary 4.11 ([19]) Let P be a poset. Then the following conditions are equivalent:
(1) P is sg-quasicontinuous;

(2) The GS-convergence in P is topological for the weak Scott topology oo(P), that is, for all x € P and
all nets (x)jeg in P, x =gslim x; if and only if (x;)jes converges to x with respect to the weak Scott
topology.

5 Conclusions

In this paper, we introduce the concepts of SIy-quasicontinuous spaces and present one way to generalize
D-convergence of nets for arbitrary topological spaces by the cuts. Some convergence theoretical charac-
terizations of SIs-quasicontinuity of spaces are given and come to the main conclusions are: (1) A space
is SIs-quasicontinuous if and only if its weakly irreducible topology is hypercontinuous under inclusion
order; (2) A Ty space X is SIs-quasicontinuous if and only if the GD-convergence in X is topological.
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