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Abstract

In this paper, we introduce the concept of d*-spaces. We find that strong d-spaces are d*-spaces, but the converse does not
hold. We give a characterization for a topological space to be a d*-space. We prove that each retract of a d*-space is a
d*-space. We obtain the result that for any To space X and Y, if the function space TOP(X,Y) endowed with the Isbell
topology is a d*-space, then Y is a d*-space. We also show that for any Ty space X, if the Smyth power space Q,(X) is
a d*-space, then X is a d*-space. Finally, we give an example of a d*-space X whose Smyth power space Q,(X) is not a
d*-space, showing that the converse is false.
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1 Introduction

Domain theory, initially developed by Dana Scott, has been exceedingly active at the interface between
Mathematics and Theoretical Computer Science as the denotational semantics of functional programming
language. Scott proved that a domain endowed with the Scott topology induced by the order of the
domain is sober. As the sobriety can give rise to a categorical equivalence between topological spaces and
certain frames, it is a very important topological property in domain theory and non-Hausdorff topological
space. Other than sobriety, there were some other weaker properties put forward and investigated by some
scholars, for example, d-space, well-filtered space, etc. In [9], Xu and Zhao introduced the concept of strong
d-spaces lying between d-spaces and T3 spaces. Strong d-spaces are d-spaces, but the converse is not true.
Well-filtered spaces and strong d-spaces do not have inclusive relationships. However, a strong d-space is
a well-filtered space when equipped with the Scott topology. Moreover, every coherent well-filtered space
is a strong d-space.

In [8], Lu and Li introduced the concept of weak well-filtered space which is strictly weaker than
well-filtered space and showed that the Johnstone’s example is weak well-filtered but not well-filtered. In
this paper, we introduce the concept of d*-space. We find that the d*-space is strictly weaker than the
strong d-space and show that the Johnstone’s example is a d*-space but not a strong d-space. We give
a characterization for a topological space to be a d*-space. We prove that a retract of a d*-space is a
d*-space. We obtain the result that for any Ty spaces X and Y, if the function space TOP(X,Y") endowed
with the Isbell topology is a d*-space, then Y is a d*-space. We also show that for any Tj space X, if the
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1-2 The d*-space

Smyth power space Q,(X) is a d*-space, then X is a d*-space. Meanwhile, we give a counterexample to
illustrate that conversely, for a d*-space X, the Smyth power space Q,(X) may not be a d*-space.

2 Preliminaries

We refer to [1,3] for the standard definitions and notation of order theory and domain theory, and to [2,4]
for those of topologies.

Let P be a poset and A C P. We denote 1A = {x € P | x > aforsomea € A} and |A =
{r € P| 2z < aforsomea € A}. For every a € P, we denote M{a} = ta = {x € P | x > a} and
Halt=la={x € P|z <a}. Aiscalled an upper set (resp., a lower set) if A =1TA (resp., A=|A). Ais
called directed provided that it is nonempty and every finite subset of A has an upper bound in A. The
set of all directed sets of P is denoted by D(P). Moreover, the set of all subsets of P is denoted by 2%

A poset P is called a dcpo if every directed subset D in P has a supremum. A subset U of P is
called Scott open if (1) U = 1U and (2) for any directed subset D for which VD exists, VD € U implies
DNU # (. All Scott open subsets of P form a topology, we call it the Scott topology on P and denoted
by o(P). We denote X P = (P,o(P)).

For a Tp space (X, 7), let O(X) (resp., I'(X) ) be the set of all open subsets (resp., closed subsets) of X.
For a subset A of X, the closure of A is denoted by cl;(A) or A. We use <; to represent the specialization
order of X, that is, x <; y iff z € {y}. We denote | {a} =|,a = {x € P |z <; a}. A nonempty subset
A of X is irreducible if A C B U C for closed subsets B and C' implies A C Bor A C C. A subset B of X
is called saturated if B equals the intersection of all open sets containing it (equivalently, B is an upper
set in the specialization order). For a topological space X, we denote the set of all nonempty compact
saturated subsets of X with the order reverse to containment, i.e., K < Ky iff Ko C K by Q(X). We
consider the upper Vietoris topology v on Q(X) generated by the sets OU = {K € Q(X) | K C U}, where
U ranges over the open subsets of X. We use Q,(X) to denote the resulting topological space. A Ty space
X is called a d-space (i.e., monotone convergence space) if X (with the specialization order) is a depo and
O(X) Co(X).

For a Ty space X, let K be a filtered family under the inclusion order in Q(X), which is denoted by
K Crae Q(X), ie., for any K1, Ko € Q(X), there exists K3 € Q(X) such that K3 C K1 N Ky. X is called
well-filtered if for any open subset U and any K C gy Q(X), (VK C U implies K C U for some K € K. X
is called coherent if the intersection of two compact saturated subset is compact.

Definition 2.1 [9] A T} space X is called a strong d-space if for any D € D(X), z € X and U € O(X),

() tdNtx C U implies td Nt C U for some d € D.
deD

Definition 2.2 [10] A poset L is called a consistent dcpo if for any directed subset D of L with [ 1d # &,
deD
D has a least upper bound in L.

Definition 2.3 [8] A topological space (X, 7) is called weak well-filtered if, whenever a nonempty open

set U contains a filtered intersection () @; of compact saturated subsets, then U contains @); for some
el
1€ 1.

Definition 2.4 [4] A retract of a topological space Y is a topological space X such that there are two
continuous maps s: X — Y and r: Y — X such that r o s = idy.

Theorem 2.5 [5] Let X be a topological space and A an irreducible subset of the Smyth power space
Qu(X). Then every closed set C C X that meets all members of A contains a minimal irreducible closed
subset A that meets all members of A.

Theorem 2.6 [12] A topological space X is well-filtered iff its upper space Q(X) is well-filtered.

3 Main result

In this section, we introduce the d*-space inspired by Lu and Li’s work[8] on weak well-filtered space.
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Chu and Li 1-3

Definition 3.1 A T space X is called a d*-space if for any D € D(X), z € X, U € O(X)\{2},

() tdNtz C U implies td N tax C U for some d € D.
deD

Remark 3.2 A Tj space X is a d*-space iff for any D € D(X),z € X, A e T'(X)\{X}, if tdNtzNA # &

for all d € D, then (| tdNtax N A # @. Obviously, every coherent weak well-filtered space is a d*-space.
deD

Clearly every strong d-space is a d*-space. The following example shows that a d*-space may not be a
strong d-space.

Example 3.3 Consider the natural number N with the usual order . It is easy to verify that (IV,o(N))
is a d*-space. Obviously, (N,o(V)) is not a d-space. Hence, it is not a strong d-space.

Proposition 3.4 Let (X,7) be a d*-space. Then Q(X) is a consistent dcpo and 7 C o(QX)), where
QX) =(X,<5).

Proof. Let D be a directed subset of X and () 1.d # @. Suppose that sup D does not exist. Then for
all z€ () 1.d, there exists y€ [ 1-d such tﬁl;th % y, it follows that z € X\|,y and D C |;y. Thus
cl, (D)d§D¢7y and x ¢ cl (D). giDﬂ t.dNcl (D) = @. Since D is directed, it is nonempty, there exists
dyp € D. Note that () 1,.dN TTdod(EWlZlT(D) = @. Obviously, cl;(D) # X. Therefore, there exists d € D
such that TTdﬁTTdodﬂechT(D) = & by Remark 3.2. Again by the fact that D is directed, there exists d’ € D
such that d < d and dy < d'. Thus d' ¢ cl,; (D), which is a contradiction. Hence, Q(X) is a consistent
dcpgl'lppose that U € 7\ {@}. Obviously, it is an upper set in the specialization order. Let D be a directed

set on Q(X) with supD € U. Then [\ 1, d =1, supD C U. Thus there exists d € D such that 1, d C U,
deD
that is D NU # @. Therefore, U € o(2(X)). 0

Example 3.5 Let us consider P = N U {a}, where N is the set of natural numbers with the usual order
and for all n € N, n and a are incomparable. It is clear that P is a consistent dcpo. But (P, o(P)) is not

a d*-space. Indeed, () 1 n C {a}, but for alln € N, t n € {a}. It illustrated that a consistent dcpo with
neN
Scott topology may be not a d*-space.

Theorem 3.6 For a dcpo P, the following two conditions are equivalent.
(i) XP is a d*-space.
(ii) For any A € T(P)\{P} and x € P, {(ta N A) € T(P).

Proof. (1) = (2): Obviously, J(Tz N A) is a lower set. We only need to prove that sup D € [(tx N A) for
any directed subset D C [(t2 N A) and sup D exists. Suppose not, we have that Tsup DNtz N A = &,
that is (| TdNtzN A = @. Since A # P, there exists dy € D such that tdp N1tz N A = & by Remark 3.2.
deD

So dy ¢ [(Txz N A), which is a contradiction.

(2) = (1): Let D be a directed subset of P and (] tdNtx C U for any = € P and any nonempty

deD
open subset U of P. Assume that for every d € D, td Ntz € U. Then fd Ntz N P\ U # @. Thus
d € {(tx N P\ U), this implies that D C |(tx N P\ U). Since P is a dcpo, sup D exists. By (2), we have
supD € [(tz N P\ U), that is Tsup D Ntx N P\ U # &. Therefore, (| tdNtx N P\ U # &, which is a
deD

contradiction. So X P is a d*-space. |

Proposition 3.7 Let P be a dcpo. For any A € T'(P)\{P} and any K € Q(P), (K N A) € I'(P). Then
(P,o(P)) is weak well-filtered.

Proof. Let K be a filtered compact saturated subset family of P and (/X C U for any nonempty open
subset U. We need to prove that there exists a compact saturated subset K in I such that K C U.

3



14 The d*-space

Suppose not, for any K € K, K ¢ U. Then K N P\U # @. By Rudin Lemma, there exists a minimal
closed subset C' C P\U such that for all K € K, K N C # @. For any K’ € K, there exists K € K such
that K" C KNK'. Then @ #CNK" CCNKNK' C [(CNK)NK'. Thus (CNK)NK' # @. Since C' is
a minimal closed subset, we have |(C'N K) = C. So there exists a maximal element xy in C' because P is
a depo and C' € I'(P). Note that xg € C' = [(C N K). Hence, for all K € I, there exists ax € C' N K such
that o < ax. By the fact that z( is a maximal element, we know 2y = ax. So 9 € K C U C X\C,
which is a contradiction. O

Lemma 3.8 [11] For a poset P and A € T'(P), the following two conditions are equivalent.

(i) J(tz N A) e T'(P) for all z € P.

(i) J(KNA)= k;LéJK kN A) eT(P) for all K € Q(XP).

Corollary 3.9 Let L be a dcpo. If (L,0(L)) is a d*-space, then (L, (L)) is weak well-filtered.

Proof. Suppose A € I'(P)\{P} and K € Q(P). We need to show that (K NA) in I'(P). Since (L,o(L))
is a d*-space, by Theorem 3.6, for any A € I'(P)\{P} and = € P(especially z in K), [(Tz N A) € I'(P).
By Lemma 3.7, (K N A) € T'(P). By Proposition 3.8, (L,o(L)) is weak well-filtered. a

Problem 3.10 In Corollary 3.9, if dcpo is replaced by poset, does the conclusion still hold?

From the example below, we can see that Johnstone dcpo endowed with the Scott topology is a d*-space,
but it is not a strong d-space.

Example 3.11 Recall the dcpo constructed by Johnstone in [4], which is defined as J = N x (N U {oo}),

with the order defined by (j,k) < (m,n) iff j = m and k < n or n = oo and k < m. Obviously, the John-

stone space XJ is a d-space. Clearly, (] T(1,n)N71(2,2) = @ but 1(1,n)N1(2,2) = {(m,00) | n < m} # &
n>2

for any n > 2. Hence, (J,0(J)) is not a strong d-space.  Consider any directed subset

D = {(zi,yi) }ier, t = (x,y) € Jand U € o(J)\{@}. If N M, y) N N(z,y) C U, then we have
i€l

N M, y:) N T(z,y) = Tsup DN Tt C U. We need to consider the following two cases.

el

Case 1. If sup D € D, then there exists iy € I such that (z;,,vs,) = sup D; hence, 1(z;,,vi,) N T(z,y) C U.
Case 2. If supD ¢ D, then D is a chain. Hence, there exists ng € N such that z; = ng for all ¢ € I. So
sup D = (ng,00). Fort = (x,y), if x = ng, then T sup DNt = tsup D C U, that is, sup D € U. Since U is a
Scott open subset, there exists a i; € I such that (ng,v;,) € U. Hence, 1(no,yi, ) NV 1(z,y) € 1(no,yi,) C U.
If x # nyp, then we can find a kg € N such that (kg,o00) € U because U is nonempty. Clearly, there exists
mo € N such that (ko,mg) € U. So there exists (lp,00) € U where mg < Iy and y < ly. Thus there exists
i € I such that Iy < y;. Therefore, 1(x;,y;) N T(z,y) = {(b,00) | b > y; and b > y} C T(ko,mo) C U.

So the Johnstone space ¥.J is a d*-spaces.

Theorem 3.12 If A is a saturated subspace of d*-space X, then A is a d*-space.

Proof. Let D be a directed subset of A and [ T4dNT4x C U for any x € A and any nonempty open
deD
set U on A. Since A is a saturated subspace of d*-space X, there exists V' € O(X) such that U =V N A.
We claim that 742 = Tz. Clearly, 142 C T2. Assume y € Tz. Then x < y. Since A is saturated, we have
y € A. Hence, y € 4. Thus () tdNtz CVNACV and V # &. So there exists d € D such that
deD
TdNtz C V. We conclude that T,0dN T2 CVNA=U. a

Theorem 3.13 If A is a closed subspace of d*-space X, then A is a d*-space.

Proof. Let D be a directed subset of A and () T4d N1 2 C U for any x € A and any nonempty open
deD

set on A. Since A is a closed subspace of d*-space X, there exists V € O(X) such that U =V N A. Thus

N TadNtyx CVNA So () tdNnte CVU(X\A). Obviously, VU (X\A) # &. Hence, there exists

deD deD

d € D such that fdNtz C VU (X\A). It follows that T4dNTyz CVNA=U. O
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In [6], it has been verified that the product of two strong d-spaces need not be a strong d-space. The
following example reveals that the product of two d*-spaces need not be a d*-space, either.

Example 3.14 We know that XN and the Sierpinski space Y2 are d*-spaces, where 2 is defined as {0, 1}

with the ordering 0 < 1. We consider the product space XN x ¥2. Let D = {(n,0) | n € N} and

xz = (0,0), U =1(0,1) = N x {1}. Obviously, @ = (] T(n,0) N 1(0,0) € N x {1}. But for any n € N,
neN

(n,0) N1(0,0) = 1(n,0) € N x {1}. Thus XN x X2 is not a d*-space.

Theorem 3.15 A retract of a d*-space is a d*-space.

Proof. Suppose X is a d*-space and Y is a retract of X. Then there are two continuous maps f: X — Y

and g : Y — X such that f og = idy. Suppose D is a directed subset of Y with (| td Ntz C U for
dGD

any z € Y and any nonempty open set U on Y. We can prove that () Tg(d) Ntg(z) C f~1(U). Indeed,
deD
assume t € [ Tg(d) N Tg(x). Then for any d € D, g(d) < t and g(x) < t. Sod = f(g(d)) f(t)
deD

and z = f(g(x)) < f(t). Thus f(t) € () td N1z, it follows that f(t) € U. Sot € f~Y(U)). Since
deD

f is continuous and surjective, we have f~1(U) € O(X) and f~}(U) # @. So there exists d € D such
that 1g(d) N tg(z) € f~1(U) by the assumption that X is a d*-space. Assume m € td N tz. Since g is
monotone, we have g(d) < g(m) and g(z) < g(m). It follows that g(m) € f~'(U). Thus m = fg(m) € U.
We conclude that td Ntz C U, that is Y is a d*-space. O

Given topological spaces X and Y, let TOP(X,Y) be the set of all continuous functions from
X to Y. The Isbell topology on the set TOP(X,Y) is generated by the subsets of the form
N(H « V) ={f € TOP(X,Y) : f~}(V) € H}, where H is a Scott open subset of the complete lattice
O(X) and V is open in the topological space Y. Let [X,Y] denote TOP(X,Y) endowed with the Isbell
topology.

Lemma 3.16 [7] For each y € Y ,consider the mapping £ : Y — [X,Y] by &(y) = &, where &(x) =y for
all x € X. Then & is continuous.

Lemma 3.17 Consider the mapping F : [ X, Y| =Y by F(f) = f(xo) for some fixzed o € X. Then F(f)
18 continuous.

Proof. Suppose U € O(Y). Then F~Y(U) = {f € [X,Y]|F(f) € U} = {f € [X,Y]|f(x0) € U} = {f €
[X,Y]|f~1(U) € N(z0)}. Since f is continuous, we have f~1(U) € O(X). Obviously, N'(x¢) the set of all
open neighbourhood of 7 is a Scott open subset of the complete lattice O(X). So {f € [X,Y]|f~}(U) €
N (xp)} is open in [X,Y]. Therefore, F(f) is continuous.

Proposition 3.18 For any Ty topological spaces X and Y, Y is a retract of [X,Y].

Proof. By Lemma 3.16 and Lemma 3.17, we can define F : [X,Y] — Y by F(f) = f(xo) for some fixed
zg € X, £:Y — [X,Y] by &{(y) = &, where {,(x) =y for all z € X. Obviously, they are continuous and
Fo&(y) =F(&(y) = F(&) =&y(z0) =y. We conclude that F'o{ =idy. So Y is a retract of [X,Y]. O

Now we make the conclusion below.
Corollary 3.19 If [X,Y] is a d*-space, then Y is a d*-space.
We give the following example to illustrate that the converse of Corollary 3.19 does not hold.

Example 3.20 The Sierpinski space ¥2 (Example 3.14) and (N, o(N)) are d*-spaces (Example 3.3). For
any n € N, We define the function f, : 32 — XN by

n,x=1;

o) = {

5
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1-6 The d*-space

Obviously, { fn }nen is directed in TOP(X2,XN). It is also clear that {{0,1}} is a Scott open subset of the
complete lattice O(2) and 13 is open in ¥N. Let f = fo and U = N({{0,1}} < 13) = {f € [¥2 — EN] |
F71013) € {10,111} = {f € [£2 = N | £-1(43) = {0,1}}. Then @ = [} 1fa 11/ = 1) 1fu C U. But

neN neN
for any n € N,

g,3 >n;

-1 o
Thus for any n € N, f, ¢ U. Hence, 1f, N1f =1f, € U. So [£2 — X N] is not a d*-space.

We know that if a topological space X is well-filtered, then Q(X) is a dcpo. However, the converse of
this result does not hold.

Example 3.21 Let X = N U {w;, w2}, where the natural number N with the usual order and for all
n € N, n < wj,wy, wi and we are incomparable. Then (X,0) is a Ty topological space. Obviously,
QX)={tz |z e X} U{{wi,ws}}, and Q(X) is a dcpo. But (X, o) is not well-filtered because X is not
a dcpo.

wlv Wy {wl}v {(1)2}
E 7 {wy,0,}
2
1
0

T2
T1
T0

(X, o) is not well-filtered (Q(X), 2)isadcpo.

Theorem 3.22 Let X be a topological space. If Q,(X) is a d*-space, then X is a d*-space.

Proof. Suppose D is a directed subset of X with (| tdNtz C U for any = € X and any nonempty open set
deD
Uon X. Then D = {1d | d € D} is directed in Q(X). We claim that () 1o, x)(Td) N1, x)(Tz) € OU.
deD

Indeed, suppose K € [) TQU(X)(Td) N TQU(X)(T:U). Then for all d € D, 1d < K and tx < K. Thus
deD

forall d € D, K Ct dand K C tz. So K C () dNtz C U, K € OU. Since U is nonempty,
deD
there exists b € U such that 16 C U, which implies that OU # @&. So there exists d € D such that

Toux)(Td) N1, (x)(Tz) € OU. Assume m € TdN 1Tz, then tm € T (x)(1d) N 1o, (x)(Tx) C OU, it follows
that tm C U. Hence, m € U. We conclude that tfd N 1Tax C U. O

The following example demonstrates that the converse of Theorem 3.22 does not hold.

Example 3.23 Consider the set of natural numbers N with the co-finite topology 7 = {U | N\U is
finite} U {@} and the single point set {a} with the discrete topology 7 = {@,{a}}. The topology on
N U {a} is generated by the refinement of 71 V 7. Obviously, it is a T} space because every singleton
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Chu and Li 1-7

set is a closed set. Thus it is a d* space. Clearly, Q(X) = 2NU{eh\{@}. Let Ky = N, K; = N\{0},

Ky = N\{0,1},--- ,K;, = N\{0,1,2---n—1},---. Obviously, { K, }nen is directed in Q(X). Let K = Kj.

Then @ = () To,x)Kn N 1o, 00K = N Tg,x)Kn = @ C O{a}. But for all n € N, K, € {a}, that is,
neN neN

K, ¢ O{a}. Furthermore, for all n € N, we have T x)Kn N Tg, x)K = T, x)Kn € O{a}. So Qu(X) is
not a d*-space.

The following example demonstrates that Q,(X) is a d*-space but X with the specialization order is
not a complete lattice.

Example 3.24 Consider the natural number N with the co-countable topology 7. = {U | N\U is count-
able }. (N, ) is well filtered. We find that @, (V) is a d*-space but N with the specialization order is not

a complete lattice. Indeed, suppose K is a directed subset of Q(N) with (xcx To, () K N Tg.v) K cu
for any K " in Q(N) and nonempty open subset Y. Now let us do tow cases. If K N K " = o for some
KeK, @="1q,u KNtguum K CU I KNK # o forall K € K, Ngex Ty K NTg,m) K =
Nkex Toux) KN K' CU. Since Q,(N) is well filtered and K N K’ is finite, there exists K in K such that
Tou) KNK CU. So1g, ) K N1g,u) K CU for some K in K.
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